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ABSTRACT: 

The distributions of traffics are defined and are applied for families of larges 
random matrices, random groups and infinite random rooted graphs with uni- 
formly bounded degree. There are constructed by adding axioms in Voiculescu's 
definition of *-distribution of non commutative random variables. The con- 
vergence in distribution of traffics generalizes Benjamini, Schramm, Aldous, 
Lyons' weak local convergence of random graphs. We introduce a notion of 
freeness of traffics, which contains both the classical notion of independence 
and Voiculescu's notion of freeness. We prove an asymptotic freeness theorem 
for families of matrices invariant by permutation, which enlarges the class of 
large random matrices for which we can predict the empirical eigenvalues dis- 
tribution. We prove a central limit theorem for the sum of free traffics, and 
interpret the limit as the (traffic)-convolution of a gaussian commutative ran- 
dom variable and a semicircular non commutative random variable. We make a 
connection between the freeness of traffics and the natural free product of ran- 
dom graphs, combination of the statistical independence and of the geometric 
free product. 

Overview of the article 

0.1 Motivation from random matrix theory 

In all this article, when we consider an iV by iV matrix H^, we implicitly mean that we consider 
a sequence of matrices {Hn)n^i, such that is N by A''. Following the random matrix theory 
terminology, the empirical eigenvalues distribution of an A'' by A'' matrix iJjv is the probability 
measure 

'^^« = ^E'^A.' (0.1) 

i=l 

where Ai, . . . , Ajv are the eigenvalues of Hn and Sx is the Dirac mass in A. The convergence of 
empirical eigenvalues distributions considered in this article is the convergence in moments, i.e. 
the convergence of 

1 ^ 

i=l 

for any polynomial P. When Hj^ is random we consider the convergence in expectation: we say 
that in expectation Hj^ has a limiting eigenvalues distribution whenever E[£//j^(P)] converges for 
any polynomial P. 

A simple question is the following. 
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Question 1 (The spectrum of the sum of two matrices). 

Let Ajf,BN be two independent random N by N Hermitian matrices whose entries have all their 
moments. Let Un be an N by N random unitary matrix, independent of {An, Bn) and distributed 
according to the uniform distribution on the set of permutation matrices. How can we predict the 
possible limit of the empirical eigenvalues distribution of the matrix 

Hn=An + UnBnU*n ? (0.2) 

Voiculescu introduced free probabihty theory, which gives the concepts and the tools to analyze 
limiting eigenvalues distributions of random matrices. From its pioneering connection between 
large random matrices and freeness |26] . Question [l] has been solved in many cases. To quote a 
few examples, the answer is known when 

• Bn is invariant in law under conjugacy by a unitary matrix, Ajq and B^ are uniformly 
bounded in operator norm [2, 



-Bjv is a Wigner matrix and A^r is uniformly bounded in operator norm [14] or is a structured 
matrix [4 , 

_Bjv is a random covariant matrix and An 'i& uniformly bounded in operator norm 

An and Bn are distributed according to the Haar measure on the unitary group or the 
permutation group |32 |2T] , 



• An and Bn are band matrices ^25] . etc. 
Consider such a random matrix 



Hn — An + UnBnU^ 



N 



and assume that Bn is invariant under conjugacy by unitary matrices. Regarding Question [T] 
this is equivalent to assume that Un is actually distributed according to the Haar measure on 
the unitary group. Voiculescu [27 introduced the notion of *-probability spaces, with an notion 
of convergence in * -distribution, and the notion of * -freeness, a non commutative analogue of the 



notion of statistical independence (see Sections 0.4 and 0.5 below). The algebra of random matri 



ces with all their moments is a * -probability space and the description of the limiting eigenvalues 
distribution of Hn is given by Voiculescu's asymptotic freeness theorem. 



This theorem implies the following result. Assume that 

1. The empirical eigenvalues distribution of (respectively Bn) converges to a probability 
measure Ca (respectively Cb), 

2. An and Bn are uniformly bounded in operator norm. 

Then, Hn has limiting eigenvalues distribution which is the so-called free convolution of the limiting 
eigenvalues distributions of An and Bn- 

C-h ~ Cb. 

It is clear that this formula is not valid for An and Bn arbitrary when Un is a uniform permu- 
tation matrix instead of a Haar matrix. Indeed, assume that An and Bn are diagonal matrices 
with limiting eigenvalues distribution Ca and Cb respectively. Then, the empirical eigenvalues 
distribution of Hn converges to the classical convolution of Ca and Cb'. 

Ch = Ca* Cb. 

Classical and free convolutions are known to be different operations in most of the cases. In a 
nutshell, we need more than the limiting spectra of An and Bn in order to predict the limiting 
spectrum of Hn (the * -distribution of a Hermitian matrix is its empirical eigenvalues distribution). 
Formalizing the information needed on An and Bn to infer the spectrum of Hn is the task of the 
notion of distribution of traffics. 
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0.2 Convergence in distribution of traffics for a single matrix 

Let Ajf be an by random complex matrix. We give a construction of the distribution of 
traffics of An starting by the observation: if we want to answer Question^ in a general context, 
the notion of distribution we introduce must be invariant by conjugacy of An by permutation 
matrices. By a formal analysis of joint moments of random matrices invariant by permutation, we 
see that it will be convenient to introduce a certain set of graphs as "test functions". 

Let Un be a random permutation matrix, uniformly distributed and independent of An- Let 

Xn = UnAnUn 

which is a random matrix invariant in law by permutation. The distribution of An must be the 
distribution of Xn- 

Now, since we only consider convergence in expectation, the mean distribution of a random matrix 
must depend only on the joint law of its entries, say of its mixed moments. So, we first write the 
joint moments of the entries of Xn conditionally on An- 

Let K ~ iki j)i j^i and L = be families of non negative integers, with finite support 

in {l,...,iV}^ {K and L are fixed whereas N will go to infinity). Denote the associated joint 
moments of the entries of Xn 



N 



II XN{l,j)'''-XN{l,j) 



A 



N 



(0.3) 



By invariance by permutation of Xn, for any permutation ct of {1, . . . , N}, 

N 



E 



= E 



n XN{a{i),a{j)f^^^XN{a{i),a{j))-' 

N 

n X^(z,j)''<"-«'^iv(*,j)'"*"""' An 



A 



N 



(0.4) 
(0.5) 



It turns out that the dependence on K,L in j^{An) can be expressed in terms of a finite graph 
Tk,Li with possibly loops and multiple edges, and whose edges are labelled by symbols a and a* 
(see Figure [T]). Consider first the graph on the vertices 1, ... ,7V, with fc^j directed edges labelled 
a and Ij i directed edges labelled a* for any pair of vertices (i,j). Remove the vertices that are 
not attached to any edge, and call the resulting graph Tk,l- Hence, (5^j^[r] = (5^^(Ajv) depends 
only of the isomorphism class T of the labelled graph Tk.l- 



A finite graph with possibly loops and multiple edges, whose edges are labelled by symbols a 
and a* is called a *-graph in one variable in this article. The set of finite connected *-graphs in one 
variable is denoted by 0{x,x*)- A element of this set is called a *-test graph. A *-test graph is said 
to be cyclic whenever there exists a paths visiting each edge once in the sense of its orientation. 
The set of cyclic *-test graphs is denoted by Gcyc{x,x*). 



Figure 1: The *-graph which is associated 

to E[XAr(i2, il)XN{i2,i2)'^XN{i3,i2)XNii3, il)\AN] , 

with ii,i2,«3 distinct. For a better readability, edges 
labelled a are represented by a simple arrow whereas 
edges labelled a* are represented by an arrow with a 
cross. 
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Definition 0.1 (Injective trace and convergence in distribution of traffics). 

For any * -test graph T in Q{x,x*), we set 

where V is the set of vertices of T and \V\ is its cardinal. The number Tj^^[T], also denoted 
t'^\T{A]\[)^ , is called the injective trace of T taken in An- The convergence in distribution of 
traffics of a matrix An is the pointwise convergence o/t^^ : 2? — > C, where D is a subset of * -test 
graphs, called the domain of convergence ofrA,^, 

Gcycix^X*) C P C g{x,X*), 



stable by identification of vertices (see Definition 3.4)- If Ajq is random, we consider the conver- 



gence in expectation, and say that in expectation An has a limiting distribution of traffics whenever 
E[t^^[T]] converges for any T in T). 

We usually denote by r° the limiting distribution of r^^, for t%^, etc. This notation is justified 
since we construct a model for a, called a traffic. The map r° can be viewed as a Fourier transform 
of a map : I? — C called the distribution of traffics of a (see Section [ll]) . This transform is 
invertible. 

0.3 Convergence in distribution of traffics as a convergence of networks 

In this article, we call network a directed graph, with no multiple edges nor loops, whose edges 
are labelled by random variables. A finite network can be encoded by a matrix when we chose 
an enumeration of its vertices. Such a matrix is called an adjacency matrix of the network. Since 
the distribution of traffics of a matrix is invariant under conjugacy by permutation matrices, the 
distribution of traffics of a finite network is well defined as the distribution of traffics of any of its 
adjacency matrices. Hence, Definition |0. 1| gives a mode of convergence for large finite networks. 



There exists many ways to define a continuous limit of a large graph or a large network, as 
the notions of graphons |17l [IS] and graphings O [TJ [31 [TS] (see below). To compare these defi- 
nitions, we interpret geometrically the injective trace for adjacency matrices of graphs. Let An 
be an adjacency matrix of a finite directed graph Gn with no multiple edges nor loops: for any 
m,n = 1, . . . ,N, 



AN(m, n) 



1 if (n, m) is a vertex oi Gn 
otherwise. 



Let T be a test graph in one variable (a *-test graph with no edge labelled a*). Denote its set of 
vertices by V. Then, 

1. '5^jy[T] is the probability that a random injective map <l>Ar : V — ?> {1,...,N} is a graph 
morphisni T ^ Gn (that is a map preserving adjacency of vertices and orientation). 

2. t\ [T] is the expectation of the number of root preserving injective morphisms $jv : T — ^ Gn, 
where a root of T is chosen arbitrarily, and a root of Gn is chosen uniformly at random. 

Convergence from the right and graphons: Following graph theory terminology [T^, we call 
injective density profile of G the map (5^ : T ^ 5\ [T], when T varies among the set of all test 
graphs. The pointwise convergence of the injective density profile of a graph is called the conver- 
gence form the right. A graph whose injective density profile converges has a continuous limiting 
model, called a graphons. This mode of convergence is applyed for dense graphs, i.e. graphs with 
an number of edges of order N"^ , as for the complete graph. The injective density profile of a finite 
network is the map T i— )■ [T] defined with the same formula [8_ , the convergence from the right 
is the point-wise convergence of this map. 



Weak local convergence and graphings: The convergence in distribution of traffics of graphs 
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is, in a non straightforward way, the weak local convergence (see Part |v|. The later has been 
introduced by Benjamini and Schramm [5] in a specific case and extended by Aldous and Lyons 
[T]. The notion of graphing is a continuous model for weak local limits of graphs. The weak local 
convergence of a random network is usually defined as the weak local convergence of its graphs, 
together with the convergence in law of its random labels (conditionally on its graph). This differs 
from the distribution of traffics. 

Very recently, the notion of graphlets [llj has been introduced as a continuous model of networks 
limit. 

0.4 Distribution of traffics as a generalized *-distribution 

We go back to the definition of distributions of traffics of random matrices. We introduce them in 
comparison with the *-distributions of free probability. Let A^v — (^i, . • . be a family of N 
by N matrices. The * -distribution of Ajv is the map 

<i>A„: C(x,x*) ^ C 

P ^ iTr[P(A^,A^)]. ^"-'^ 

The symbol C(x, x*) denotes the set of non commutative polynomials in indeterminates x = 
a;i, . . . , Xp and x* = xj, . . . , a;*. The symbol Tr denotes the usual trace of A'^ by iV matrices, sum 
of diagonal elements. We use P(Ajv, A^) as a shortcut for P(Ai, . . . , Ap, A\^. . . , A*^. 

The convergence in * -distribution of A^r is the point- wise convergence of $Ajv- When Ajv is a 
family of random matrices, we consider the convergence in expectation, that is the convergence of 
E[$Aiv(-P)] for any polynomial P . If is a normal matrix, denote by Ai, . . . , Aa? its eigenvalues. 
Then, for any polynomial P in two (commutative) indeterminates 

1 1 ^ 

-Tr[P(A^,A^)] = -^P(A„AO =/:a„(/'), 

i=l 

where Ha^ denotes the empirical eigenvalues distribution oi Aj^ . Hence, * -distributions of random 
matrices are a generalization of empirical eigenvalues distributions. For a normal matrix the knowl- 
edge of its * -distribution is equivalent to the knowledge of its empirical eigenvalues distribution. 

We now write terms of the entries of the matrices. We will see how defining the distribu- 

tions of traffics of A^r by capturing more information on the matrices than for the *-distribution. 
The * -distribution of Aat is equivalent to the collection of all numbers $Aiv(^)! for ^'^1 monic 
monomial P, that is all complex numbers 

1 ^ 

^ E ^2)<S(*2, *3) . . . <^:i5 (^k, ^i), (0.8) 

ii,...,iK=l 

for any integer K \, any map e : {1, . . . , K\ — >■ {1, *} and any map 7 : {1, . . . , K\ — ;> {1, . . . 
Restricted on cyclic *-test graphs, the distribution of traffics of A^r is actually the collection of the 



numbers as in (0.8 1 where some of the indices are constraint to be equal. More generally, we set 



7r,£,7(AAr) = ^ ^ A^^j^^^^ (il , i2)^^f2) fe, *4) • ■ • ^^(^) («2/f^ (0.9) 



N 

kcr i^TT 

where 

• £ varies among the set of maps {1, . . . , K] {1, *}, 

• 7 varies among the set of maps {!,..., K] ^ {1, . . . 

• TT varies among the set of partitions of 1, ... , 2^, 



6 



• and the sum is over all families of integers i = {ii, . . . , i2K) in {Ij • ■ • > such that integers 
whose indices are in a same block of tt are constraint to be equal: n w = for all 
71, m = 1, . . . , 2K. 

It turns out that the number m7r,e,7(Ajv) depends only on A.^ and on a *-graph in indeterminates 
x: that is a finite graph with possibly loops and multiple edges, whose edges are labelled by symbols 
Xi, . . . , Xp, x*i, . . . , X*, see Figure |2j Let T^^^,.y be the graph whose vertices are the blocks of the 
partition tt. For any n, m — 1, . . . , 2K, there is on directed edge in T^^^ from the block of n and 
the block of m for each occurrence of a term A'^{in, jm) in the product. Such an edge is labelled 

xi. 



Figure 2: The * -graph which is associated to 
W T.i,,i2,i2 AN{ii,i2)AN{i2,i2)'^A*^{i2, is) An {is, ii)- 




>— o 



The graph is the same as in Figure [T] but the associ- 
ated numbers are different, since in the sum 11,12,13 
may be equal. 



The number m^.^ -^(Ajv) depends only on the isomorphism class T of Tj^^e.-i- It is denoted by 
tAnIT'] or TNlTi^N)], and is called the trace of T in An- The distribution of traffics of An is 
the map 



tam ■ ^(x,x*) C 

T ^ tn[T{An)], 



(0.10) 



where tj(x, x*) denotes the set of *-test graphs in indeterminates x, that is the set of finite, 
connected, finite graphs whose edges are labelled by indeterminates t. Let 

C/cyc(x, X*) the the subset of f/(x, x*) whose graphs possesses a cycle visiting each edge once in 
the sense of their orientation. The convergence in distribution of traffics of Ajv is the pointwise 
convergence of tajv on a domain 

Gcyc{x,X*) (iV C Q{x,X*), 



stable by identification of vertices (see Definition 3.4) 



The quantities (0.9 1 have been introduced by Mingo and Speicher in f20] (see Section 10 1. They 
construct operators associated to graphs whose edges are labelled by matrices (called representa- 
tions of quivers). From their construction, we can interpret the numbers (|0.9[) as normalized traces 



of product of operators between tensor product of C (see Part III). We also interpret their main 



theorem in |20j as a result of sequential compactness in distribution of traffics. 

A limiting distribution of traffics r : 2? — C induces a * -distribution ^'^'^^ since T> is assumed 



to contains cycles, that correspond to the numbers in (0.8). Even for a single normal matrix A 



the distribution ta^ contains more than its empirical eigenvalues distribution Ca^ ■ 
We give a solution of Question [l} about characterizing the possible limiting spectrum of 

Hn = An + UnBnUn 

in the context of distribution of traffics: we describe the mean limiting distribution of traffics of 
Hn in terms of the limiting distribution of traffics of An and Bn, their existence assumed. By 
the above, we then get the convergence in moments of the empirical eigenvalues distribution of Hn- 



Given a domain Qcyc{x,x*) d V d Q{x,x*), stable by identification of vertices, and a map 
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T : I? C that satisfies a property of positivity, we construct a *-probability space: that is a 
*-algebra endowed with a positive hnear form, still denoted ^^'^^ such that $'^'^^(1) = 1. Elements 
of such a space are called traffics. Question [T] about the spectrum of Hm is reformulated in terms 
of the spectrum of the traffic 

h = a + b 

where a and h are traffics constructed as in the next Section. 



0.5 The freeness of traffics, asymptotic freeness 

The freeness of distribution of traffics is defined as the rule that emerges naturally from the following 
theorem. 

Theorem 0.2 (The asymptotic freeness of {An,UnB]\iU'^)). 

Let Aj^ and Bj^ be two deterministic matrices and let Un be a uniform permutation matrix. Assume 
that Aj^ (respectively Bn) has a limiting distribution oj traffics Ta (respectively Tt) on Q{x,x*). 
Then, in expectation (vIat, UnBnU'^) has a limiting distribution of traffics T(^a.b) described as follow. 
Consider a * -test graph T whose edges are labelled by variables a,a*,b and b* , obtained as a 'free 
product" of * -test graphs in a, a* and in b,b* only (see Figure^ and Sectio 



11) 



ThenTl,^[T] 



is the product of the injective traces or of the connected components of T in a same (and 
corresponding) color. If T is not such a free product, then ^[r] = 0. 



o=:cKOO 



Figure 3: A free product of *- 
graphs in indeterminates a and 
a* (red) and b and b* (black). 
Subgraphs attached to vertices of 
a given colored component are 
distinct. 



Two traffics a and b whose joint distribution is as in Theorem 0.2 are said to be free (see Part 
IV I. The freeness for distribution of traffics does not always implies the *-freeness in the sense of 
Voiculescu of the induced * -distribution 



Recall the definition of *-freeness (see [2J). The sub-algebras Ai,. . . ,Ap of a *-probability space 
(^, .*,<&) are free if and only if ^{aj) = 0,aj G Ai- and ij ^ ij+i for all j ^ 1 implies 
$(ai...a„) = for all n ^ 1. Non commutative random variables ai,...,ap are said to be 
free whenever the algebras they span are *-free. 

The distribution <i>*^'^^ induced by a distribution of traffics r depends only on the knowledge of 
T in a small domain (on *-test graphs that are colored cycles). How to determine when the free- 
ness of traffics induces the *-freeness of the non commutative random variables is not a problem 
tackled in this article. 

0.6 Between *-freeness and independence 

Considered again the two situations of the first Section: 
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• and Bf^ are unitarily invariant Hermitian matrices, 

• Aff and Bf^ are diagonal real matrices. 

Let Un be a uniform permutation matrix, independent of (^^, i?^, _B^). Then, under tech- 
nical assumptions. Theorem 1 12 . 1 1 gives the convergence of the Hermitian matrices 

i/^ = + C/atB^C/]^, xe{s,d}, 

and its limit it characterized by the freeness of the limiting distribution of traffics of and 
Bfj. By Voiculescu's asymptotic freeness theorem [2J, the limiting eigenvalues distribution of 
is given by the free convolution of the limiting eigenvalues distributions of and B^. By a 
straightforward computation, the limiting eigenvalues distribution of Hf^ is given by the classi- 
cal convolution of the limiting eigenvalues distributions of Af^ and Bf^. Hence, the freeness of 
traffics encodes simultaneously the classical notion of statistical independence of random variables 



and Voiculescu's *-freeness (see Proposition 11.2 and Corollary 12.71 of non commutative random 



variables. Seeing the freeness of traffics as a mixture of statistical independence and Voiculescu's 
freeness is also suggested by the two following results. 

We prove a central limit theorem for the sum of free traffics which "interpolates" Laplace and 
Voiculescu's central limit theorems. 

Theorem 0.3 (A central limit theorem for the sum of traffics). 

Let ti, . . . ,tn be identically distributed, centered, self adjoint, free traffics. Then, the traffic 

ti + --- + t„ 

rUn = 7= 



converges in distribution of traffics on the domain of cyclic * -test graphs to the sum d + s of free 
traffics, where d is the "traffic-incarnation" of a Gaussian commutative random variable and s the 
"traffic-incarnation" of a semicircular non commutative random variables. 

Furthermore, following Benjamini, Schramm, Aldous, Lyons approach tSiilj, one can define the 
distribution of traffics of rooted random graphs with uniformly bounded degree. For such random 
graphs, we can define a natural notion of free products, where each copies of components of the 
free product are sampled independently each other (see Figure |4] and Section 16.1 1. 



Theorem 0.4 (The free products of random graphs). 

Let Gi and G2 be free independent, traffic- stationary, integrable, rooted random graphs with uni- 
formly bounded degree. Then the distribution of the sum H ^ Gi + G2 where Gi and G2 are 
realized as traffics corresponds to the random free product of Gi and G2. 

0.7 Applications 

Theorem 1 1 2 . 1 1 implies the convergence in moments of the mean empirical eigenvalues distribution 
for any normal random matrix Hj^ which can be written as 

Hn = P{:S.n,Vn,U*n,Gn,Yn,Y*j,), (0.11) 

where P is a fixed non commutative polynomial (which does not depend on N) and 

1. Xat = {x[^\ . . . , Xp^'') is a family of independent random by real or complex Wigner 
matrices (Corollary 12.7[ |. 



2. JJn — {u[^\ . . . ,Uq^^) is a family of independent real or complex uniform permutation 



matrices (Corollary 12.91. 



is a family of independent adjacency matrices of random graphs with 
N vertices, permutation invariant, having a so-called weak local limit (see Part \V\ . 
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Figure 4: A realization of the free product with itself of the random graph which is Z with 
probability 0.8, and the graph with one vertex and no edge with probability 0.2 (truncated at 
distance 10 of the root). 



4. Y 



N 



(TV) 



is a family of arbitrary N hy N deterministic matrices, having a 



limiting distribution of traffics (Corollary 12.51. 

5. XatjUatjGjv being independent. 

It also implies the convergence of certain observables of eigenvectors of H^^ when is Hermitian 
(see Propositions 2.2 and 12.6). Moreover, these convergences hold actually for a larger class of 
matrices than polynomials in the matrices above-named (see Sections [s] and |8]) . The explicit com- 
putation of such limiting eigenvalues distributions remains a hard task and is not tackled in this 
article. 



An other application of the asymptotic freeness theorem of this article is the following (see Section 



12.2.1 1. For any unitary matrix Un having a limit u in distribution of traffics, one can naturally 
associate an operation between probability measures with compact support. This operation could 
be called u-convolution. Extremal cases are classical and free convolutions. The family of such 
operations is much bigger than the interpolation in |5j. 

Organization of the paper: 

In Part I, we introduce the notion of distribution of traffics and their convergence for a family of 
matrices. We show how we can extract information about the macroscopic behavior of random 
matrices from their distribution of traffics. In part II, we introduce the injective trace and gives 
examples of limiting distribution of traffics. In part III, we define general distribution of traffics 
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and space of traffics. We also translate a result of Mingo and Speicher [20 in terms of distributions 
of traffics. In part IV, we introduce the notion of freeness, state a result of asymptotic freeness for 
random matrices and a central limit theorem for the sum of free traffics. In part V, we prove the 
connection between convergence in the sense of traffics and wealc local convergence of graphs, and 
free products of traffics and free products of random graphs. 
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Part I 

The distribution of traffics of a family of 
matrices 

Notation for graphs 

A (directed) graph (with possible multiple edges) G is a couple {V,E), where F is a set, referred 
as the set of vertices of G, and E is a, multi-set, referred as the set of edges of G. Recall that a 
multi-set is a generalization of the notion of set in which members are allowed to appear more than 
once. When E is finite, it is denoted 



£'= {{ei,...,ei,...,ep,...,ep}}, (0.12) 




where for any j ^ 1, . . . ,p, Cj is an element of V . Formula (0.12) means that for any j = 1, . . . ,p, 
the element ej appears exactly kj times in E. This number is called the multiplicity of ej. The 
graph G is said to be finite when both V and E are finite. 

Graphs are always considered up to isomorphisms: two graphs Gi = {Vi,Ei) and G2 = {V2,E2) 
are isomorphic whenever there exists a bijection : V^i — >■ V2 preserving the adjacency of vertices, 
their orientation and their multiplicity. 



1 Definition 

1.1 Graphs in several variables 
Definition 1.1 (Graphs in several variables). 

1. A graph in p variables is a graph whose edges are labelled by free variables xi, . . . , Xn- For- 
mally, a graph in p variables consists in a triplet T = {V, E, 7) where {V, E) is a graph and 
J is a map E — !■ {1, . . . ,p} which indicates the indeterminate corresponding to each edge. 

2. A * -graph in p variables is a graph in 2p free variables xi, . . . ,Xp, Xi, . . . ,x*. Formally, it 
consists in a quadruple T — (V,E,j,s), where {V,E,^) is a test graph in p variables and e 
is a map E — )• {1,*}, which indicates which indeterminates are transposed. 

The vertices and the edges of T = (V, E, 7) refer to the vertices and the edges of the graph (V, E). 
For a graph T — (V, E, 7) in one variable, the map 7 is trivial and then T is identified with (V, E). 
A *-graph in one variable is simply denoted T = (V,E,e). Some examples of *-graphs are drawn 
in Figure |5] 

Remark about the Figures: 

For conciseness, in all the figures of the article, we use colors instead of labels when illustrating 
*-graphs in several variables. Moreover, when the edges labelled Xi are plotted in a certain color, 
the edges labelled x* are plotted with the same color with a cross. 

1.2 A generalization of the trace 

Now we define the observables we extract from a family of matrices. 
Definition 1.2 (The trace of a *-graph in a family of matrices). 

For any family Ajv = {Ai, . . . , Ap) of N x N complex matrices and any finite * -graph T = 
{V, E, 7, e) in p variables we set 

r^[T(A^)]:=l li ' (l'^) 

<f>:V-^{l,...,N} eS-E 
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Figure 5: Six *-test graphs in three variables, a (red), b (black) and c (blue). 

where 

• for any directed edge e = (f 1,772), we have set 0(e) = ((f){vi) , (I){v2)) , 

• and for any N by N matrix M and any integers n, m in {1, . . . , N}, the complex number 
M{n,m) is the entry {n,m) of M . 

• M* is the conjugate transpose of the matrix M 

We say that tn [T(AAr)] is the trace of the * -graph T in the matrices A^r. 

Examples: We explicit the quantities that correspond to the first four *-graphs drawn Figure |5] 
from left to right. Let A.m = {Am, B^, Cn) be a family of by matrices. We use the convention 
that in any *-graph T of Figure [5] the red edges stand for Ajq, the black ones stand for B^q and 
the blue ones stand for Cn- 

a) Tjv[T(Ajv)] = ;^ X^iLi *) — where Tr stands for the trace of matrices, i.e. 
the sum of diagonal elements. 

b) r^[T(A^)] =^T.Z=iAN{i,j)B*^{],i) = j^TrlA^B*^]. 

c) Tjv[T(Ajv)] = JiY.lJ,k=lBN{^,3)BN{i,k)AN{k,i) = ^Tt[BnB*j^An], where •* stands for 
the transpose. 

d) tjv[T(A7v)] — jf Apf{i,i)BN{i,i) = jjTi[An o Bn], where o stands for the Hadamard 
product of matrices, i.e. the entry-wise product. 

Remark that if T is a finite *-graph with connected components Ti, . . . , Tr-, one has 



1.3 The distribution of traffics of a family of matrices 
Definition 1.3 (*-test graphs). 

1. A test graph is a finite, connected graph in several variables. 

2. A * -test graph is a finite, connected * -graph in several variables. 

3. A test graph or a * -test graph is said to be cyclic whenever there exists a cycle on its graph 
visiting each edge exactly once, in the sense of their orientation. 

The set of all test graphs in p variables is denoted by Q{xi, . . . ,Xp), where the symbols xi, . . . ,Xp 
refer to the indeterminates. We use the shortcut 5(x) = G{xi, . . . , Xp) in the sequel, the number of 
variables being implicit. The set of all *-test graphs in p variables is denoted in short by ^(x, x*). 
The set of all cyclic test graphs in p variables is denoted by Gcyd'^), the set of all cyclic *-test 
graphs is denoted by Qcyc{^,^*) ■ In Figure |5] all but the second and the rightmost *-test graphs 
are cyclic. 
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Definition 1.4 (Formal distribution of traffics). A formal distribution of traffics is a map t -.V ^ 
C, where 

e?c2/c(x,x*) cPce?(x,x*). 
The set T> is called the domain of t. 

Definition 1.5 (Distribution of traffics of a family of matrices). The distribution of traffics of a 
family Ajv = {A^\ . . . ,A^^) of N x N complex matrices is the map 

TA^: e(x,x*) ^ C 

T ^ taAT]:=tn[T{An)]. 

Remarks about symmetries: 

• The distribution of traffics of a family A;v = (^i, ■ ■ ■ , Ap) of N by N complex matrices is 
invariant under joint conjugacy by any permutation matrix: let Un be a permutation matrix 
associated to a permutation cr of {1, . . . , A''}, that is, for any i,j = 1,. . . ,N, 

^-(^'^•)={; otherl;;i (i-^) 

Then the distribution of traffics of A^r is the same as the distribution of the jointly conjugated 
family 

UnAnU^ = {UnAiU;,, UnApU^). (1.3) 

• If the matrices of the family Aat are symmetric, then for any *-test graph T the number 
Tjv [T(Ajv)] does not depend on the direction of the edges of T. 

• If the matrices are Hermitian. the number Tjsf[T{A]\f)'\ is equal to rjv [T'(Ajv)] , where T is 

the test graph obtained by replacing labels x^, by Xk for any k 

• If the matrices of the family Ajv axe real, then rjv [T(Ajv)] is equal to tn [2^(Ajv)] , where T 
is the test graph obtained by reversing edges labelled x^. and replacing this label by Xk for 
any k. 

• If the matrices of the family are 0—1 matrices, i.e. their entries are either either 1, 
then Tn [T{An)] is equal to tjv [T(Ajv)] , where T is the *-test graph obtained by forgetting 
the multiplicity of edges with the same label. 

1.4 Convergence in distribution of traffics 

From now, when we consider a family A y of complex matrices we implicitly mean that we have 
considered a sequence (Ajv)jv^i of p-tuples for a certain p, where for any N ^ 1 the matrices in 
An are N by N. 

Definition 1.6 (Convergence in distribution of traffics). 
Let An be a family of complex matrices and V be a domain 

5cvc(x,x*) Cl?C5(x,x*). 

We say that An has a limiting distribution of traffics t on V whenever tajv converges pointwise 
on V to T, i.e. 

VTeD, t[T] = ^lim t[T(Ajv)] exists. (1.4) 

// the matrices of An are random, we say that in expectation An has a limiting distribution of 
traffics T onV whenever 

exists. (1.5) 



VTeD, 



t[T1 = Um 

iV->-cx 



E 



-[nAN)] 
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Many usual matrix models has a limiting distribution of traffics with domain the full set of *-test 
graphs C/(x, X*) (see Section |4]). The set t/cj,c(x, x*) is the minimal subset of CJ(x, x*) for which 
we can use the method of injective trace to recover the limiting spectrum of large matrices (see 
Section |3|. 



An other domain is introduced in Section 10 The set of proper *-test graphs Qpr{x,x*) which is 



a maximal domain of sequential compactness with respect to convergence in distribution of traffics. 



In the following, the domain of convergence will always be tj(x, x*) or tJcyc(x, x*). Even when 
we have the convergence on ^(x, x*) for a given matrix model, we sometimes focus on the limiting 
distribution restricted on C/cyc(x,x*) since it happens than this notion is more universal than the 
later. For instance, real and complex Wigner matrices has the same limiting distribution of traffics 



on CJcac(x, X*), be not in C/(x,x*) (see Proposition 4.2 1 



Eigen-structure of large random matrices in their limiting 
distribution of traffics 



Given a normal matrix having a limiting distribution of traffics r, we can compute from r many 
features about its limiting eigen-structure. The convergence of the empirical eigenvalues distribu- 
tion is automatic (see Proposition 2.1 1. We also get limiting observables of eigenvectors of a matrix 
from its distribution of traffics t, as it is illustrated in Section 12.21 



2.1 Limiting empirical eigenvalues distribution 

Let Hjf be an iV by iV normal matrix. The empirical eigenvalues distribution of H^^ is probability 
measure on C 

1 ^ 

^«« = ]^E^^.' (2.1) 

i=l 

where Ai, . . . , Ajv are the eigenvalues of Hjy and 6x is the Dirac mass in A. 

Proposition 2.1 (Convergence of the empirical eigenvalues distribution). If Hj^ has a limiting 
distribution of traffics, then its empirical eigenvalues distribution converges in moments. 

Proof. The convergence in moments of Chi^ is the convergence for any monic monomial P in two 
commutative indeterminates of 

1 ^ 1 
^hJP) -^P(A„A,) = -Tr[PiH^,H*^)]. (2.2) 

If P{z) — z"z"^, then the later quantity is equal to tjv [r(_ff^r, iJj^)] , where T is the cyclic *-test 
graph in one variable with vertices 1, . . . ,n + m and edges (1, 2), (2, 3), . . . , (n + m — 1, n + m), {n + 
m, 1), n edges being labelled with the first variable and the other ones by the second (see Figure 
[6] picture on the left). Hence, Chm{P) converges as N goes to infinity. □ 




Figure 6: For the *-test graph Ti on the left, 
tn[Ti{Hn)\ = tn[HIH*j^]. For the one T2 
on the right, tn[T2{Hn)\ = tn[H% o H^]. 
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2.2 A limiting observable of eigenvectors 

Let if TV be an by Hermitian matrix. Since is diagonalizable in a unitary basis, we can 
write 

N 



HN^^XkUkul, (2.3) 



k=l 

where Ai ^ . . . ^ Aat are the eigenvalues of and ui, . . . ,un in are associated eigenvectors. 
Proposition 2.2 (Eigenvectors and distribution of traffics). 

If Hn has a limiting distribution of traffics on Qcyc{^,^*) , then for any polynomials P and Q 

N N 
m.n—1 2—1 

converges as N goes to infinity. 
Proof. For any real functions / and g, 

N 



^Tr[/(i7^)og(iJ^)] = l^(/(i^^))(^,^)(g(i^^))(^,^) 

N N 
- J2 f{K)9{Xm)J2\^ni^)\'\Um{^)\ 



y J I 11.^. 1 7, I I 17/,™ I 7, H ^ 

N 

n,m—l i—1 

Recall that o stands for the Hadamard product of matrices, and that by functional calculus, 

N 



f{HN) ■.= J2fi^k)ukul. 

k=l 



Hence, 



^Tr[/(iJA,) o g{H^)] - j-Tr[f{HN)] ^Tr[g(iiAr)] 

N N 

^ N fi>^n)g{X,n)J2{\un{^)\'M^)\' ^ ^) 

n,m— 1 i—1 

If / and g are polynomials, then the quantities -j^Tr[/(iJjv)°<?(^^Af)] , ;^Tr[/(iijv)] and j^Tr\^g{IIiy)^ 
converges as N goes to infinity. This is known for the normalized trace by the previous sec- 
tion. By multi-linearity its is enough to prove that ;^Tr [/(i/jv) o g^H^)] converges when / 
and g are monic monomials. If f{x) = and g{x) = x™, then this quantity is equal to 
Tjv [T(iJjv)] where T is the cyclic test graph in one variable with vertices 1, . . . ,n,l' , . . . ,m' and 
edges (l,2),(2,3),...,(n- l,n),(n, 1) and (!', 2'), (2', 3'), ■ • ■ , (m' - l,m'),(m',l) (see Figure |6] 
picture on the right). □ 
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Part II 

The injective trace, examples of limiting 
distributions of traffics 

The injective version of a formal distribution of traffics can heuristically be seen as its cumulant 
version, or as its Fourier transform. It is a tool for the computation of limiting distribution of 
traffics of random matrices invariant under permutation and for Hadamard product of matrices 
(see Wigner matrices and complex permutation matrices described below). It is also involved in 



the definition of freeness for traffics (see Part IV I 



3 The injective trace 
3.1 Definition 

Definition 3.1 (The injective trace for families of matrices). 

Let T = (y, _E,7, e) he a * -graph in p variables and Ajv = {Ai, . . . , Ap) be a family of N by N 
matrices. The injective trace of T in A^r is 

run^N)]^^ E n<:)(^(^))- 

(i>:V^{l,...,N} e<£E 
injective 

By the inclusion-exclusion principle, we can write the injective trace of a *-graph in a family of 
matrices as a weighted sum of the trace of * -graphs in the matrices, and reciprocally. To write the 
relation between r^v and properly, we need the following definition (see Figure [7| . 

Given a *-graph T = (V,£',7,e) and a partition tt of V, we define a new *-graph n{T) — 
(7r(y), 7r(iJ), 7r(7), 7r(£)) , where we have identified the vertices that belong to a same block. The 
set of vertices Tr{V) are the blocks of tt. If V is the multiset {{(wi,i'2), ■ ■ ■ , {v2K-i,V2k)^ , then 
tt{V) is the multiset ||(7r(ui), Tr{v2)), . ■ ■ , {tt(v2K-i): '^{'^2k))}\ , where for any v in V, Tr{v) denotes 
the block of tt containing v. For any e = (7r(w2fe-i), 7r(u2fc)) in 7r(T^), we set 7r(7)(e) = 7(w2fe-i, ''^2fe) 
and 7r(e)(e) = e(w2fe-i, W2fe)- 

Lemma 3.2 (Injective trace vs. non-injective trace). 

Let T ~ (y,i?,7) be a * -graph in p variables. Then, for any p-tuple A^r of N x N matrices, one 
has 

T^[TiA^)]^ E r]^[7r(r)(A^)], (3.1) 

TreV{V) 

where V{V) is the set of partitions of V . Hence, one has 

r°[r(A^)]= J2 rN[7T{T)iAN)] X nviTT), (3.2) 

where /iy is the Mobius function of the finite poset V{V) (see |23| ). 



3.2 Convergence in distribution of traffics 

Let I? be a domain 

Assume that V is stable by "identification of vertices", i.e. for any T hi V and tt partition of the 
vertices of T, one has tt{T) S V. This property holds for the set Qcyd^,^*) of cyclic *-test graphs 
{Gcyc{'^,y^*) is actually the smallest class of *-test graphs stable by identification of vertices and 
possessing cycles as the leftmost example of Figure |6]) . 

Then, the following proposition is an immediate consequence of Lemma |3.2[ 
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Figure 7: Starting with the leftmost test graph T, this Figure represents all the test graphs 7r(T) 
obtained for any partition tt of the vertices of T (which includes T itself). Hence, the trace of T is 
the sum of the injective trace of all the test graphs in the Figure. 



Proposition 3.3 (Convergence in injective trace). 

A family of matrices has a limiting distribution of traffics r with domain V if and only if 
t^[T(Ajv)] converges for any T in T). 

This motivates the following definition. 

Definition 3.4 (Injective version of a formal distribution of traffics). 

Let T : I? — > C be a formal distribution of traffics. Assume that its domain D is stable by identi- 
fication of vertices. The injective version of t is the map : D ^ C defined by: for any * -test 
graph T G I?, 

^'M = E r[7r{T)] X ^,yin), (3.3) 
where /iy is as in Lemma \3.S\ Hence, we have 

At] = E ^'Ht)]. (3.4) 

■n<^V(V) 

4 Examples of limiting distributions of traffics 

4.1 Wigner matrices 
Definition 4.1 (Wigner matrices). 

A random matrix Xf^ is an N by N real or complex Wigner matrix whenever: 
L Almost surely, Xj^j is Hermitian, i.e. Xpj = X'^, 

2. The sub-diagonal entries of Xn are independent, identically distributed, 

3. The diagonal entries of Mm — y/NXj\i are distributed according to a measure v on M, 

4.. Real case: the strictly sub-diagonal entries of Mn are distributed according to a measure fi 
on R, 

4-'. Complex case: for any k < I, MN{k,l) — where Xk,i and y^^i are independent, 

identically distributed according to a symmetric probability measure fx on M, 

5. IJ, and v do not depend of N and possess all their moments. 

A real or complex Wigner matrix is almost surely Hermitian, so its distribution of traffics is 
completely characterized in G{x). 

Proposition 4.2 (The limiting distribution of a Wigner matrix). 

Let X]^ be an N by N real or complex Wigner matrix. Assume that ^ and v are centered and fi is 
of variance one, that is 

'xd,ix)^jxd.ix)^0,jx-d,ix)^l. 

Then, in expectation Xj^ has a limiting distribution of traffics t on Q (x) which does not depend 
on 11 and v. For any test graph T in one variables: 
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• Real case: t'^[T] = 1 if T is a double tree. 

• Complex case: t'^[T] — 1 if T is a double tree whose twin edges have different directions. 



• t'^[T] = otherwise. 

Being a double tree for T means that it is a tree when we forget the multiplicity and the orientation 
of its edges, and all (undirected) edges are of multiplicity two. Twin edges of a double tree is a pair 
of edges sharing the same vertices (see Figure^. 

It should be noticed that a cycHc double tree has necessarily twin edges of different directions. 
Hence, real and complex Wigner matrices of Propositions |4.2| have the same limiting distribution 
of traffics on Qcyc{x), but not in Q{x). 



s 

Y 




Figure 8: Two double trees. The left- 
most does not contribute for complex 
Wigner matrices, since certain twin 
edges have the same orientation. It is 
non cyclic. The rightmost does and is 
cyclic. 



Proof. Ceneralities about random matrices invariant by permutation: 

Let A/at be an by TV random matrix with complex entries. We say that Mn is invariant by 
permutation if and only if for any permutation matrix [/jv, one has 



Mn = UnMnU*n, 



(4.1) 



where the equality is in law of random matrices. If is the matrix associated to the permutation 
cr, then the entry of UnMmU'^ is MAr((T(i),CT(j)). For such matrices, the use of the injective 
trace makes the computation of the mean distribution of traffics straightforward. Indeed, for any 
*-test graph T = (V, E, e) in one variable. 



E 



N 



E 



1 

N 



p:V^{l,...,N} e€E 
injective 



1 

N 



E 

r.V^{l,...,N} 
injective 



E 



eeE 



But the quantity Spj[T{Mn)'\ ~ E JleeB -^^w'^'' ('^(^)) does not depend on the injective map 
Hence, we get 



E 



tI{T{M^)\ 



{N-\V\) 



(4.2) 



Assume that (5^[r(M^)] converges to a complex number 5*'[r]. For instance, when the entries of 
Mjsi are independent identically distributed according to a law that does not depend on iV, then 
8%\T{Mn)\ does not depend on N. If we rescale the matrix, say by a factor iV" for an a > 0, we 
get 



E 



>N 



t(^Mn 



= (iVl^l-("l^l+i)+o(l))5°[T]. 
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Hence, *-test graphs with a small number of edges relatively to the number of vertices are in 
better position to contribute. Recall the following classical result of graph theory (see [.16., Lemma 
1.1] for a proof). 

Lemma 4.3 (Number of edges and vertices in a connected graph). 
Let G = (V, E) be a finite connected graph. Then, one has 

\V\^\E\ + 1, (4.3) 

with equality if and only if G is a tree. 



Proof of Proposition^^ the real case. 

Consider a test graph T = {V,E) in one variable x. The matrix Mjq — ^/NX^ is invariant under 
permutation and has independent identically distributed entries, so 



E 



[T{Xn)]] = 7Vl^l-(^+i) X ^"(T) + o(l), (4.4) 



where S'^[T] = E IleGB ^w(0(e)) for any injective map (j) : V ^ {1, . . . , N}. This quantity is 
independent of N. 

The sub-diagonal entries of Mn are independent and centered and is Hermitian. So 5°[T] 
vanishes as soon as one (undirected) edge of T is of multiplicity one. Hence, using Lemma |4.3[ 
we get that E[T°f [T(Xjv)]] converges to zero except possibly if each edge is of multiplicity strictly 

bigger than one and \ V\ — + 1. By the second part of Lemma 4.3 T is necessarily a double tree. 



Since E[Mjv(fc, 0^] = 1 for any k ^ I, we get that for any double tree T, 

E[r^[T(X^)]] 1. 

A'— >-oo 

Proof of Proposition \4-.^ ' the complex case. 

Without any modification of the proof of the real case, we get that T^[r(X7v)] tends to zero if T 
is not a double tree. 

Since E[MN{k,l)'^] = and E[|Mjv(fc,l)H = 1 for any k I, we get for any double tree T, 
E[t]^ [T(X7v)]] converges to one if the twin edges of T are is the opposite directions, and to zero 
otherwise. 

□ 



4.2 Uniform permutation matrices 

Definition 4.4 (Real and complex uniform permutation matrices). 

A random matrix Upf is an N by N real or complex uniform permutation matrix whenever for any 
m,n — 1, . . . , N , 

{1 if ^N(jn) ~ n (real case) 

e'^™'" if (T]y{m) = n (complex case) (4-5) 
otherwise, 

where 

L UN is a random permutation on {1, . . . ,N} uniformly distributed, 

2. {9m,n)m,n=i....,N is a family of independent random variables uniformly distributed on [0, 27r], 
independent of um- 

A real uniform permutation matrix is called simply a uniform permutation matrix. 
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Proposition 4.5 (The limiting distribution of a permutation matrix). 

Let Un be a real or complex uniform permutation matrix. Then, in expectation Un has a limiting 
distribution of traffic t on Q{x) given by: for any * -test graph T in one variable, 

• Real case: T°[r] = 1 if T is a directed line, 

• Complex case: t^\T] — 1 if T is a Hermitian directed line, 

• T°[T] — otherwise. 

Being a directed line for T means that there exists an integer K ^ 1 such that the vertices of T are 
1, . . . ,K and its directed edges are (1,2),..., {K — 1, K) labelled x and (2, 1), . . . , [K, K ~1) labelled 
x* , with arbitrary multiplicity. Being a Hermitian directed line for T means that the multiplicity 
of edges (n, n + 1) equals the multiplicity of edges (n + 1, n) for any n = 1, . . . , if — 1 (see Figure 



Figure 9: Two directed lines. The leftmost does not contribute for complex uniform permutation 
matrices, since it is not a Hermitian *-test graph. It is non cyclic. The rightmost does and is 
cyclic. 



As for real and complex Wigner matrices, it should be noticed that real and complex uniform 
permutation matrices have in expectation the same limiting distribution of traffics on cyclic test 
graphs. 

Proof: the real case. First, remark that since the entries of Un are in {0, 1}, then for any *-test 
graph T in one variable, r]^ [r([/jv)] — [TiU^)] where T is obtained by 

• reversing the orientation of edges labelled x* and replacing this label by x, 

• reducing positive multiplicity of oriented edges to one. 

Hence, we can only consider all test graphs in one variable whose multiplicity of oriented edges is 



Moreover, each row and column of Un has a single nonzero entry. Hence, t'^[T{Un)] is zero 
as soon as two distinct edges leave (or start from) a same vertex. Hence, there are only two kinds 
of test graphs that possibly contribute: for any K ^ 1, 

• the test graph T]^ with vertices 1, . . . ,K and edges (1,2),..., {K ~ 1, K), {K, 1) (c stands for 
closed path). 



• the test graph T^ with vertices 1, 
path). 



, K and edges (1, 2), . . . ,{K — 1, K) (o stands for open 



Let cttv be the random permutation associated to Un- Then, E[r^[T^(C/jv)]] is the probability 
that a given integer i in {1, . . . , N} belongs to a cycle of aN of length K. By a straightforward 
computation, this probability is 



A^- 1 A^- 

X 



A 



N -I 



N -K 
N -K-l 



which is of order jr. Then we get 



E 



r%[n{UN)] 
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At the contrary, E[r]^ [^a:(^Jv)]] probability that a given integer i in {1, . . . , N} belongs to 

a cycle of of length bigger than K. By the above, one has 



E 



1. 



Generalities about Hadamard product of matrices invariant by permutation 

Consider a random matrix Hiq written Hiq = V/v ° Mj^, where Vn and Mjv are independent 
random matrix, Mjv is invariant in law by permutation and o denotes the Hadamard (entry-wise) 
product. Then, for any *-test graph T = (V, E, e) in one variable, one has 



1 

TV 
1 

N 
E 



E 



E 



p:V^{l,...,N} 
injective 



eeE 



■ ■.V^{1,...,N} 
injective 



y: e Y[vT\m xE n^4*^'we)) 



eeE 



eeE 



N 



where [T(Afjv)] — E YieeE ^^N'^\'Pi^)) which does not depend on the injective map (f>. If 
in expectation Vn has a limiting distribution of traffics a nd M jy has a limiting distribution of 
graphons (i.e. 6%[T{Mn)'\ converges for any T, see Section 0.3 1, then Hn has a limiting distribu- 
tion of traffics. 



Proof: the complex case. The matrix Un can be written as the Hadamard product Vn o 
where Vn is a uniform permutation matrix independent of Mn = (e" 
*-test graph T = (V, E, e) in one variable, by the observation above 



N, 



')n,7n=i,...,N- For any 



where S%[T{M, 



N) 



E 



E 



•n 



[nuN)] 



= E 



Y{eeEMf\m 



'n 

for any (j). Since E[e*''*^" 



for any n, m 



1, . . . , and k in Z, we get 

5%\T{Mn)\ — It is Hermitian, 

where T is Hermitian means that for a given undirected edge e of T, the number of directed edges 
corresponding to e in one direction and labelled x is equal to the number of directed edges in the 
opposite direction and labelled x* . We get the expected result as a result of the real case. □ 



4.3 Diagonal distribution of traffics associated to a measure on 

The following kind of distributions are those of what we called "traffic-incarnations" of commutative 
random variables. 




Figure 10: Three flowers, i.e. *-test 
graphs with only one edges 



Definition 4.6 (Diagonal distribution of traffics). 

Let ^ be a probability measure on C having all its moments. Let Z = (Zi, . . . , Zp) be a family of 
random variables distributed according to fi. We call diagonal distribution of traffics associated to 
fj, is the map 



G{z,z*) 
T=iV,E,-f,e) 



^ r,[T]=E UeeE^U 
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(we use the notation = Z^, k = 1, . . . ,p). 

In other words, t^[T] can be computed by replacing the variables z,z*, by the random variable 
Z, Z and taking the expectation of the product of the random variables on the edges of T, without 
taking account into its geometry. The distribution of traffics can be easily expressed in terms 
of its injective version: for any *-test graph T = {V, E, 7, e) in p variables, 



The knowledge of the diagonal distribution of traffics associated to fj, is equivalent to the knowledge 

of its joint moments, that is the number E[Z"^ , • • ■ , Zp'' Z^^ , ■ ■ ■ , Z^""], rii, . . . , Hp, mi, . . . , rUp ^ 0. 
Hence, characterizes /x at soon as n is characterized by its moments. 

Let be an A'^ by A'^ diagonal matrix with complex diagonal entries Ai,...,A7v- Then its 
distribution of traffics is the diagonal distribution of traffics associated to the empirical sample 
distribution of (Ai, . . . ,Xn), that is the probability measure 




if T has only one vertex (T is a "flower") , 
otherwise. 




(4.6) 



i=l 



In particular, has a limiting distribution of traffics on Q{z, z*) if and only if the measure jCdn 
converges in moments. 
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Part III 

General distributions of traffics 

We define a notion of space of traffics. It consists of a *-algebra {A, .*) endowed with a formal 
distribution of traffics r on *-test graphs labelled by elements in A, with the additional condition 
that T satisfies a certain condition of positivity. To state this condition, we need to introduce the 
non commutative *-algebra CT(x, x*). which plays the role of polynomials in space of traffics. 

For the task of this article, the reader which is not familiar with the construction of this Part 
can skip Sections |5] to [7] and only retains the operations on traffics described in Section |8] 

5 A ^-algebra of multirooted *-test graphs 

Definition 5.1 (multirooted *-test graph). 

A multirooted * -test graph is a * -test graph with inputs and outputs in certain of its vertices (in a 
same vertex, they may be many of them. Formally, it consists in a triplet t = (T, i,j) where T is a 
* -test graph and i and] are tuples of vertices of T , respectively referred as the sequence of inputs 
and of outputs. 

The set of all multirooted *-test graphs is denoted by T(x,x*) (this set is up to isomorphisms of 
graphs that preserve the roots). For any m,n ^ 1, a multirooted *-test graph with m inputs and 
n inputs is called an (m, n)*-test graph, and the set of such graphs is denoted by 7^_„(x, x*). The 
set of (n,n)*-test graphs is simply denoted 7^(x, x*). 

Definition 5.2 (The *-algebra Cr(x,x*)). 

We set CT(x,x*) the C-vector space of finite linear combination of elements of T{'X-,'x.*) with 
coefficients in C. For any m,n ^ 1, we define C7^^„(x, x*) as the vector space of finite linear 
combinations of elements o/7m_„(x, x*), and we denote C7^(x,x*) = C7^^ri(x, x*) . In particular, 

Cr(x,x*) := Cr™.„(x,x*). 

Operations on CT(x, x*): 

• Involution: Let t = (T, i,j) be a (m,n)*-test graph. We define its conjugate transpose as 
the (n, m)*-test graph t* = (T*,j,i), where T* is the *-test graph obtained by reversing the 
direction of the edges of T, and replacing labels x by x* and vice versa. We extend .* into 
an antilinear map C77n.„(x, x*) — > C7^.m(x, x*) and then, into an antilinear involution on 
CT(x, X*) and on C7^(x,x*) for any n > 1. 

• Product: Let now be < = (T, i,j) and t' = (T',i',j') be {l,m) and (m', n)*-test graphs 
respectively. We define the product tt' as if to 7^ m', and otherwise as the (/,n)*-test 
graph (T, i, j'), where T is the *-test graph obtained by considering two disjoint copies of T 
and T' and identifying jk and i'f., k — 1, . . . , to. This define a bilinear map CTi^mi^, ^*) ^ 
C7^n',n(x, X*) , and then a distributive product on CT(x, x*) and on CTn{:x., x*) for any n ^ 1. 
See examples in Figure |11| 

Endowed with their product and their anti-linear involution, the vector spaces C7~(x, x*) and 
C7^(x, X*) are then *-algebras. The algebra C7i(x,x*) is unital. 

6 Distributions of traffics on ^(x, x*) 

Let r be a map ^(x,x*) — > C. We define the linear form 

$M :0cr„(x,x*>^C 



6 DISTRIB UTIONS OF TRAFFICS OJV g (X, X* ) 



24 








Figure 11: Top : a (l,2)*-test graph t = (T, (z), (ji,j2)), a (2, l)*-test graph = (T', (^1,12), (j)) 
and their product tt' . Input vertices are represented in a white rectangle, output vertices are 
represented in a black one. Bottom: t* , t'* and t't. 



by: for any t = (r,ij) in g(")(x,x*>, 

$W(i) = r[f], (6.1) 

where T is the *-test graph obtained from T by identifying the fc-th input of t and the fc-th output, 
k = l,...,n. We extend on CT (x, x*) by = for any t ui CTmA'^, x*), m 7^ n. 

Definition 6.1 (Distributions of traffics on t?(x,x*)). 

M/e say that t is a distribution of traffics on Q{x,x.*) whenever ^^"^^ is a state on C7~(x, x*), that 
is 

$(^)(rt)^0, yt. (6.2) 
Notice that such a state ^f^"^) is always tracial. 

Proposition 6.2. A distribution of traffics of a family of matrices is a distribution of traffics 
on tj(x, x*). Hence, a limiting distribution of traffics of matrices on tj(x,x*) is a distribution of 
traffics on 5(x,x*). 

Proof. The proof is inspired by the constructions in [20i Theorem 11]. Let Ajy — {Ai, . . . , Ap) 
be a family of complex matrices. First, by definition of the product of multi-rooted *-test graphs, 
it is enough to prove that for any t in C7^_„(x,x*), one has $(^*N)(t*t) ^ 0. Consider t in 
C7^,„(x,x*) and write 

d 

i = ^ aktk, 

k=l 

where ai,...,ad G C and for any k = l,...,d, tk = iTk,ik,h) e 7^j,„(x,x*). Let k in {l,...,d} 

and write Tk = {Vk, Ek,jk,£k), ife = (4''\ . . . , im^ ) and jfe = . . . , ji^^). Consider the set V^^"'' 
of vertices in i^ or in j^. We denote by ^1, . . . , ^at the canonical basis of M.^ . Define the operator 
^(N) . (^AT-)®™ ^ (RA')®" by: for any 0o : V^'^^ {1, . . . , N}, 

(C , <8) • • • fX" C f -WMLi^^^j. rW\ <8i • • • <8) ^, r('=)^) 



N 

<P:Vk^{l,...M} eeE 

where the sum is over all (/) : T4 — J' {1, . . . , N} such that (p^yio) — <po, and (^^^ (Xi • • • (8) , l'^^^i-^ 
• • • <8i Cim) = otherwise. Now, denote 



d 

(TV) 
fc 

k=l 
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Then, one has 

d 

l^a.a,(Tr«...^Tr)[(Lf)rLf)] 



^(Tr® •••®TV)[i^L;v] > 0. 



□ 



Proposition 6.3. Let ji he a measure on CP having all its moments. Then, the diagonal distribu- 
tion of traffics associated to ji is a distribution of traffi.cs on 5(x,x*). 

Proof. The map is the distribution of traffics of a family of random variable distributed according 
to /U, seen as a family of 1 by 1 matrices. □ 



7 Space of traffics on ^(x, x*) 



We mimic the observations made for the space oi N hy N matrices. We define algebras of traffics, 
and then spaces of traffics (which are a "completed" version of algebras of traffics). 

Definition 7.1 (Algebra of traffics on CJ(x, x*)). 

An algebra of traffics on C/(x,x*) is a triplet {A,.*,t), where 

• A is a (non commutative) unital algebra over C, 

• .* is an antilinear involution such that {ab)* = b*a* for any a,b in A. 

• T is a map, called a trace (of traffics) on A, 

t: Up^i{A" xg{K,ic*)) ^ C , . 

(a,r) ^ T[T(a,a*)] := t^[T], ^'■'> 

where Ta : ^(x, x*) C is a distribution of traffics (called the distribution of traffics of a), such 
that T satisfies the following properties: p'^ 1 is an integer, ai, . . . ,ap,a,b are in A, T = {V, E, 7) 
is in CJ(x,x*). 

1. Permutation of the indices: for any permutation tt of {1, . . . ,p}, 

T[T(a^(i),...,a^(p))] =r[f(a)], (7.2) 

where f = (V, tt o 7). 

2. Role of the unit: 

T[T{l,ai,...,ap)] =T[f{ai,...,ap)], (7.3) 

where T is the *-test graph obtained by merging adjacent vertices of T joined by an edge 
labelled 1. 

3. Role of the involution: 

T[T{a*,ai,...,ap)]=T[f{a,ai,...,ap)], (7.4) 

where T is the *-test graph obtained replace the label of the first variable by its adjoint and 
vice versa. 
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4-. Compatibility with the linearity: for any complex number X, 

r[r(Aai,a2,...,ap)] -A^-^ {^"«>T[T(a)]. (7.5) 

and 

T[T{ai,a2,--.,ap,a + b)] = ^ r [f (oi, , . . . , Op, a, 6)] , (7.6) 

f 

where the sum is over * -test graphs T obtained from T by choosing for each edge labeled 
(a + by a new label among a'^ and b^ , e G {1, *}. 

5. Compatibility with the product: 

T[T(ai,a2, . . . ,ap,afo)] = r [T'(ai, , . . . , a^, a, 6)] , (7.7) 

where T = iV^E,^) is obtained by replacing each edge e = (t'i,W2) such that 7(e) = p by a 
path ei o 62, where ei = {vi,Ve) and 62 = (^£,62), being a new vertex, linked only at Vi 
and V2 by ei and 62 respectively. We set 7(61) = p and 7(62) — p + I. 

6. Consistency: if for any edge e in E, 7(e) ^p, then one has 

T\T{a)\ =r[f'(ai,,...,ap_i)], 

where T — (V, E, 7), and ^ is as "f but with range reduced to {1, . . . ,p — 1}. 

Let {A, ■* , t) be an algebra of traffics on Q (x, x*) . We define for any a in A, 

$(a) = r[T(a)], (7.8) 

where T is the *-test graph with one vertex and one edge (the leftmost test graph in Figure |5|. 
By Definition 6.1 and Formulae (7.7l and (7.4|, for any a in A, 

$(aa*)^0. (7.9) 

In other word, A is endowed with a state, and hence is a *-probability space. 



Let {A, .* , r) be an algebra of traffics. Consider the *-algebra C7i (A) , formally defined as C7i (x, x* ) , 
but with labels in A. This algebra is an algebra of traffics when equipped with r. We identify an 
element a in ^ with ta — (T, (i), (j)) , where T is the graph with two vertices i and j and one edge 
from i to j labelled a (see Figure [12] up-leftmost picture). It turns out that the map a is an 
injective morphism of algebra preserving r, and hence one can see ^ as a sub-algebra of traffics of 
CTi{A). Quotient the algebra CTi{A) by elements a such that $('^^(aa*) — 0. With a small abuse 
of notation, still denote CTi{A) this algebra. 

Definition 7.2 (Space of traffics on CJ(x, x*)). 

A space of traffics on Cy(x, x*) is an algebra of traffics on Q{x,x*) such that the homomorphism 
a 1-^ ta described above is an isomorphism A — > CTi (A) . Elements of a space of traffics on Q (x, x*) 
are called traffics. 

Definition 7.3 (Convergence in distribution of traffics). 

Let t, t„, n ^ 1 be families of traffics of the same cardinal in a space of traffics {A^ •*, t). Let D be 
a domain 

^,y,(x,x*) C2?cg(x,x*). 

We say that t„ converges to t in distribution of traffics on D whenever rt^ converges pointwise on 
D to Tt, i.e. 

VTel?, T[T(t)] = lim r[r(t„)] exists. (7.10) 
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Figure 12: Some traffics in C7i(-4). Black; edges are labelled a in yl, red ones are labelled b in ^. 
Top. from left to right: a, a* , a* and a. Bottom, from left to right: ab, aob and A^. 



8 Remarkable operations on traffics 

All the definitions of this Sections are summed up in Figure [12] 
The Hadamard product aob: 

Let a, 6 be two traffics in a space of traffics (.4, * ,t) on CJ(x, x*). The Hadamard product of a 
and 6, denoted a o 6, is the traffic corresponding to L = {T,s,t) in CTi{A), where T is the test 
graph with two vertices s and t and two edges from s to t, one labelled a and the other one labelled b. 

The Hadamard product is symmetric. The Hadamard product of matrices seen as traffics is well 
their entry- wise product. 

The projection on the diagonal: 

Let a be a traffic in a space of traffics {A, ■*,t) on C/(x,x*). The projection of a on the diagonal 
is the traffic Aa = a o 1, where 1 is the unit of A. Equivalently, A^ is the traffic corresponding to 
L = (T, s, s) in CTi{A), where T is the test graph with one vertex s and one edge labelled a. 

The projection of a matrix Ajy on the diagonal is the diagonal matrix of its diagonal el- 

ements. The sub-algebra of A spanned by projections on the diagonal of elements of is a 
commutative sub-algebra of A. For any a in ^ and any k,l ^ 1. one has 

$[AJ;A*'] = $[ a o ■ - o a o g* o ■ - o g* ] . 

k times I times 



Transpose and conjugate: 

Let a be a traffic in a space of traffics {A, ■*,t) on Cy(x, x*). The transpose of a, denoted g*, is the 
traffic corresponding to L = (T, s, t) in C7i(.4), where T is the test graph with two vertices s and 
t and one edge from i to s labelled a. The conjugate of g is the traffic a ~ (a*)*. 

For matrices, transpose and conjugate are the classical operations. 

9 Space of traffics on ^cyc(x, x*) 

ft will be convenient to have a cyclic version of space of traffics. We set 7i,cj/c(x, x*) as the set of 
all t = (T, (i), (j)) in 7i(x, X*) such that there exists a path from i to j in T visiting each edges 
once in the sense of their orientation. We denote by C7i, cac(x, x*) the vector space of finite linear 
combination of elements of 71, cyc(x, x*) with coefficients in C 

Let T : t?cuc(x,x*) ^ C be a formal distribution of traffics. Define the linear from (E'*^'^' on 
. We say that r is a distribution of traffics on Qcyd^, x*) whenever ^f"^' is 
a state on Qt/cyc(x,x*). A space of traffics on 5cyc(x,x*) is define as a space of traffics on ^(x,x*) 
where we have replaced C/(x,x*) by fJcj/c(x,x*) and 7i(x,x*) by 7i.cj,c(x, x*). 



CTi,cyc(x,x*) as in (6.1 
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10 A domain of sequential compactness by Mingo and Spe- 
icher 

Motivated by the asymptotic properties of product of large matrices, Mingo and Speicher [^U] 
have introduced the notion of graph of matrices and the sum associated to such objects. In our 
language of traffics, a graph of matrices is a test graph whose variables have been replaced by 
matrices. When connected, it is also equivalent to an element of the algebra C7i(Mjv(C)) where 
inputs and outputs has been merged. The sum associated to a graph of matrices in P0| is then 
the trace of this test graph in the considered matrices. 

In the context of distribution of traffics, their main result solves the following question: find- 
ing a maximal domain V for which any family of matrices bounded in operator norm converges in 
distribution of traffics up to a subsequence. 



10.1 Two edge connected and proper test graphs 

Wc follow the definitions in [20]. 

Definition 10.1 (Cutting edge and two-edge connected component of a graph). 

1. A cutting edge of a graph is an edge whose removal would result into disconnected subgraphs. 

2. A two-edge connected graph is a graph without cutting edges. 

3. A two-edge connected component of a graph is a subgraph which is two-edge connected and 
cannot be enlarged to a bigger two-edge connected subgraph. 

Let G a graph. Its forest of two-edge connected components S{G) is defined as follow (see Figure 
13 1: the vertices of 5(G) consists in the two-edge connected components of G and two distinct 
vertices of S'(G) are connected by an edge if there is a cutting edge between vertices from the two 
corresponding components in G. Hence S{G) is always a forest, i.e. a graph without cycles, and 
if G is connected then 5(G) is actually a tree. For a *-graph in several variables T = {G,j,e), we 
define 5(T) = 5(G). 




Figure 13: Left: a graph G whose two- 
edge connected components has been 
encircled. Right: its forest 5(G) of two- 
edge connected components. 



Definition 10.2 (Proper test graphs). 

1. A tree is trivial if it consists in only one vertex. A leaf of a non-trivial tree is a vertex which 
meets only one edge. By convention, we say that the trivial tree has two leafs. 

2. A proper test a graph is a test graph whose forest of two-edge connected components has 



two leaves (see Figure I4). The set of all proper test graphs in p variables is denote by 

Qpr {-^1 , ■ ■ ■ , -^p) ■ 



As before we use the shortcuts Gpr{x) and Qpr{'x.,x.*). In Figure 14 is drawn a proper test graph 



In Figure [5] all but the rightmost test graph are proper. Notice that we have the inclusions 

Gcycix,^*) C gp,.(x,X*) C g(x,X*). (10.1) 
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Figure 14: A proper test graph. Its 
two-edge connected components have 
been encircled. 



10.2 A domain of sequential compactness of the unit ball 
Theorem 10.3 (Sharp bounds for the trace of test graphs in matrices, [20]). 

Let T be a * -test graph in p variables. Let ^(T) be its forest of two-edge connected components 
and denote by x{T) its number of leafs. Then, for any family Aj^ — {A[^\ . . . , Ap^"^) of N by N 
matrices, 



Tjv[T(A 



N 



7(e) I 



(10.2) 



where \\ ■ \\ stands for the operator norm. 

From Theorem 1 10. 3 1 we deduce immediately the following corollary. 
Corollary 10.4 (Sequentially compactness). 

Let An be a family of N by N matrices of operator norm uniformly bounded. Then, there exists 
a subsequence of {Aiq)N^i having a limiting distribution of traffics with domain Qpr{:x.,x*) . 

Contrariwise, as notice in pUl Section 5], if we consider the matrix 



An = 







•• 


• \ 


1 




•• 


• 












[ 1 


•• 


• 0/ 



(10.3) 



then II^Tvll = 1 and for any non proper graph T 

TN[TiAN)] 

For instance, with the rightmost test graph T of Figure [5] one has 

tn[T{An)] ^Vn. 



(10.4) 



(10.5) 
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Part IV 

The freeness of traffics 



The notion of freeness emerges naturally from the analysis of the distribution of traffics of random 



matrices (see Theorem 12.1 1. It consists in a rule that allows to form a joint distribution of families 



ai and a2 of traffics, in terms of the distribution of ai and a2 respectively. This notion generalizes 
the notion of independence, when random variables are lifted into diagonal traffics (see Proposition 
11.2). It is natural to formulate a central limit theorem for the normalized sum of free traffics: the 
normal traffics turns out to be the sum of a diagonal gaussian traffic and a semicircular traffic, i.e. 



the limit in distribution of traffics of a Wigner matrix (see Theorem 13.1 1, these traffics being free. 



11 Definition and first examples 

11.1 The free product of *-test graphs 

Let xi, . . . , Xp be disjoint families of indeterminates. A *-test graph T is said to be a free product 
of *-test graphs in xi, . . . , Xp whenever it could be obtained by the following construction (bear in 
mind that a *-test graph can consists in a single vertex with no edge). 

Step 1: Consider *-test graphs Ti^q in Q{-x.i,yi\) Tpo in C7(xi,x|). For any of these 

*-test graphs, chose a vertex (called its root), and identify the roots of the different *-test 
graphs to form a single *-test graph T^^^. 

Step 2: Let j be in {1, . . . For any vertex Vj of Tj.o which is not its root, chose a *-test 
graph Tkflvj in 5(xfc,x^) for any k ^ j. For any of these *-test graphs, chose a root and 
identify the vertex Vj with the root of Tkflvj, k ^ j. We get a *-test graph T^^\ 

Step 3: Let j be in {1, . . . ,p} and k ^ j. For any vertex Vj of Tj.o which is not its root and 
any vertex Wk of Ti^ q^^ which is not its root, chose a *-test graph TiQvjWk in C/(xf,x|) for 
any i ^ k. For any of these *-test graphs, chose a root and identify the vertex with the 
root of T^^o-uj-ffifc, i^k. We get a *-test graph T^^^. 

Further steps: Iterate this process a finite number of times, and then obtain a *-test graph 
T 

The *-test graphs in CJ(xj,x*), j = l,...,p, involved the construction of T are referred as the 
components of T. See examples in Figures |3] and [15] A free product of *-test graphs is cyclic if 
and only if its components are cyclic. 

11.2 The freeness of a family of traffics 
Definition 11.1 (The freeness of traffics). 

Let (A^ .*, t) he a space of traffics on ^/(x, x*) (respectively Qc.yci'^j x*) ) and let ai, . . . , ap be families 
of traffics in A. The families ai, . . . , ap are said to be free on t/(x, x*) (respectively Gcyc{^, x*) ) 
whenever their joint distribution of traffics Ta is given by: for any * -test graph T in C/(x,x*) 
(respectively Gcyci'^,^*) ), 

• If T is a free product of * -test graph in t/(xj, x*), j = 1, . . . ,p, then 

T 

where the sum is over the components of T . 

• otherwise, t^\T] = 0. 



Remarks: 
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o 

cs(^)— o 




Figure 15: Some free products of *-test graphs in x (red) and y (red), from left to right: between 
flowers, between directed lines, between double trees. The fourth picture is a *-test graph between 
flowers in the variable a (red) and double trees in the variable b (black), prototype of a cyclic *-test 



graph that contributes in the central limit theorem (see Section 13 1 . 



1. When ai,...,ax are free on Q{x,x*) or Cycj/c(x, x*) , their joint distribution of traffics is 
completely characterized by the marginal distributions , . . . , Taj^ . 

2. Freeness on Q (x, x*) implies freeness on Gcyc{^, x*) , the reciprocal is not true (see Proposition 



11.31. 



11.3 Examples 

11.3.1 Independence and diagonal traffics 

Proposition 11.2 (Traffic freeness of diagonal traffics is independence). 

Let ( Xi, . . . ,Xp,yi, . . . ,yq) be a family of traffics having a diagonal distributi on Tu associated to 
a probability measure ^ on characterized by its moments (see Section 4-3). Then, x = 

(xi, . . . , Xp) and y — (j/i, . . . , j/g) are free on Q (x, x*) if and only if fi is the law of random variables 
(Xi, . . . , Xp, Yi, . . . , Yq) where X = (Xi, . . . , Xp) and Y = (Yi, . . . , Yq) are independent. 

Proof. Assume that x and y are free. Since /i is characterized by its moments, it is enough to 
prove that for any commutative monic monomials P and Q, 



Write P = x5'ii™V..a;p^x" 



E [P(X, X)Q(Y, Y)] = E [P(X, X)] E [Q(Y, Y)] . 

and Q = yi^y\^ . . . y^t^yp . Then, we have 
E[P(X,X)Q(Y,Y)] ^t^{T\^tI{T\, 



where T is the flower with rii edges labelled Xi, rrii edges labelled x\, i = 1, . . . ,p, and ki edges 
labelled yi, k edges labelled y* , i = 1, . . . ,q. A flower is always a free product of flowers in marginal 
variables, and the freeness relation gives 



r',[T]^T',[ny^[T2], 
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where Ti is the flower with edges labelled a;^, rrii edges labelled x*, i = 1, . . . ,p, and T2 is the 
flower with ki edges labelled j/j, k edges labelled y* , i — 1, . . . ,q. Since 

r^lTiKm = t,[T,]t^[T2] = E[P(X,X)]E[Q(Y, Y)], 

we get that X and Y are independent. 

Reciprocally, assume that X and Y are independent. The distribution is supported on flowers, 
which are free products of *-test graphs. With the same notation as above, we have to show that 
■''/Jl^] — '''°[^i]'''/?[^2], which is obtained from the independence of X and Y observed on monic 
monomials. □ 



11.3.2 Asymptotic freeness on Qcyd^,^*) of a complex Wigner matrix and its trans- 
pose 

Proposition 11.3. Let x be a traffic in a space [A,*,t), limit in distribution of traffcs of a 



complex Wigner matrix (see Proposition 4--2). Then, x and x* are free on Q, 
e(x,x* 



cyc\ 



but not in 



Figure 16: Two test graphs that con- 
tribute, at the level of the injective 
trace, in the limiting distribution of 
traffics of (Xjv,X^). The leftmost test 
graph is cyclic and is a free product of 
black and red double trees. The right- 
most is not cyclic and is not a free prod- 
uct. 



Proof. To prove that x and are not free on tj(x, x*), consider the test graph T with two vertices 
i and j and two edges from j to j, one labelled xi and the other labelled X2- Since T is not a 
free product of test graphs in xi and X2, we get the expected result if we show that t^\T{x, a;*)] 7^ 0. 

Let T' be the test graph analogue of T but where the two edges have different directions. By 
definition of the transpose, one has 

t[T{x,x')\ =t[T'{x,x)\ =1. 

Let T be the test graph obtained from T by identifying its two vertices. By definition of the 
injective trace, one has 

t[T{x,x')\ =T°[r(x,X*)] +T''[f{x,X% 

But 

TO[f(a;,a;*)] = [f (a;, a;)] =0, 

since T is not a double tree, and so we get r°[T(a;,x*)] = 1 7^ Hence, x and a;* are not free in 
e(x,x*). 

Let now T be a cyclic test graph in two variables xi and X2- Let T' be the test graph in one 
variable obtained from T by reversing the orientation of edges labelled X2, and relabeling them xi. 
Then 

r"[T(a:,x*)] =r"[T'(a:)]. 

Notice that a double tree which is cyclic has necessarily twin edges of opposite directions. Hence, 
we get 

• r° [r(a;, a;*)] = 1 if T is a double tree whose twin edges have the same label, 
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• T° [r(2:, x*)] = otherwise. 
Since x* has the same distribution as a;, we get that x and x* are free on Q^yd'^i^ 



□ 



Proposition 11.4. Let u be a traffic in a space {A,*,t), limit in distribution of traffics of a 
complex permutation matrix (see Proposition 4-5). Then, u and are not free on Qcyci^i^*) ■ 



Proof. Let T be the *-test graph (see Figure 17 1 with two vertices i and j and 

• one edge from i to j labelled xi, 

• one edge from j to i labelled x^, 

• one edge from i to j labelled X2 , 

• one edge from j to i labelled X2. 

We have r*'[T(u,u*)] — 1 although T is not a free product of *-test graphs in xi and X2- 



□ 




Figure 17: The *-test graph T of the 



proof of Proposition 11.4 



12 An asymptotic freeness theorem for random matrices 
12.1 Statement and proof 

Theorem 12.1 (The asymptotic freeness of X^^'', . . . , Xp^'' on G(^, x*)). 

Let X^^\ . . . , Xp^'' be families of N by N random matrices. Let xi, . . . , Xp be families of traffics 
in a space of traffics {A,.*,t) on t/(x,x*). Assume the following. 

1. Statistical independence: 

The families X^^"*, . . . , Xp^-* are statistically independent. 

2. Joint invariance by permutation: 

For any permutation matrix Ujq , and any j — 1, . . . ,p, 

C/^xf)c/i^^xW. (12.1) 

3. Freeness of xi, . . . , x^: 

The families of traffics xi , . . . , Xp are free on Q (x, x*) . 

4. Convergence in distribution of traffics on C7(x,x*): 

For any j =^ l,...,p, in expectation X^^'' converges in distribution of traffics to Xj on 
Cy(x, x*) and moreover: for any * -test graphs Ti, . . . ,T„, 



E 



r^.[Tl(xf ))]... r^[T„(xf))]J t[T,{^,)\ . . .t[T,,{^,)]. (12.2) 



Then, in expectation, the joint family (X^^^ , • ■ • , Xp^'' ) converges in distribution of traffics to 
(xi,...,Xp) onfJ(x, X*), and moreover for any * -test graphs Ti, ... ,Tn 



E 



[Ti (Xr ^ , . . . , X(^) )] . . . [T„ (X^ ^ , • • ■ , Xf ) )] ^ 

r[ri(xi,...,Xp)] ...T[r„(xi,...,xp)]. (12.3) 



JV-i-oo 
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Proof of Theorem \12.1\ By Lemma |3.2[ relating the injective and the non injective traces, it is 
equivalent to prove the convergence of injective traces in (12.31. For clarity of the presentation, in 



the first three steps of this proof, we prove (12.31 for n = 1 and for two families xj^-* and X2^''. 



The case n ^ 1, with two families of matrices, is obtain in the fourth step. The general case is 
obtained by recurrence on the number of families. 

Step 1: Splitting the contribution due to X^^' and Xj^' 

Lemma 12.2 (A probabilistic interpretation of the injective trace). 

1. Let V be a finite set. Let (^atj^at be two independent random maps, uniformly distributed on 
the set of injective maps V {1, . . . , N}. Let ctjv be a random permutation on {1, . . . , 
uniformly distributed and independent of{^N,^j\f). Let (j) be an deterministic injective map 
V ^ {l,...,N). Then, 

aN°4i — ^N and {^i^,cfm ° ^n) — {^Ni^n)- 



2. Let T — {V, E, 7, e) be a finite * -graph in p variables and as above. Then, for any family 
An (Ai, ...,Ar. 



ipj of deterministic complex matrices. 

{N-l)l 



{N~\V\) 



E 



[n 



7(e) 



Proof of Lemma \12.2\ Claim 1. A direct computation gives: for any 0, </) injective maps V 
{1,...,7V}, 



and 



Claim 2. One has 



1 

N 



= P(^$iv = 0)p($iv = ^ 

':V^{l,...,N} eGE 
injective 



{N-iy. 



\ I \l Card <^ injective f 0:V^{l,...,Ar} 



mjcctivc 



{N-\V\) 



E 



n<(:)(*-(^)) 



eeE 



□ 



Proposition 12.3 (The permutation invariance property). Let xj''^'' and Xj^' be two families of 
N by N permutation invariant, independent random matrices: for any i = 1,2 and any permutation 
matrix U n , 

Let T = (V,E,"f,e) be a finite *-graph. For i = 1,2, we denote by Ti = (Vi, Ei,ji, Ei) the * -graph 
obtained from T by considering only the edges with a label corresponding to the family xj^' and 
by deleting the vertices that are not attached to any edge after this process. We have 



E 



r°[r(xr,xW)] 

{N - \v,\y.{N - \V2\y. 
{N-\v\y.{N-iy. 



E 



r°[ri(Xr)] EA[T,in 



(12.4) 
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Proof of Proposition \12.^ Let be a uniform rand om in jection V {1, . . . , N}, independent 
of (X^^'', Xj^''). Then, by the second item of Lemma 



12.2 



E 



r]^[T(xW,xf))] 



{N~\v\y 



E 



n^;!:)(*-(^)) 



Let El be the subset of E formed by edges with a label corresponding to the family xj^\ and let 
E2 = E\Ei. Then, one has 



E 



e£Ei 



eeE2 



Let $Ar be distributed as and let cr^r be a uniform permutation on {I, . . . , N}, such that 
(xJ^\X2^''), $7v, and aN are independent. Let Un be the permutation matrix associated 
to aN- By invariance of Xj^'' by permutation, UNld^^^U^ and X2^'* have the same distribution 
Since the entry {i,j) of UjsiMiqU^ is M {^a jsi {i) , (JnU)), we get by the first item of Lemma 



12.2 



E 



e£E 



E 



E 



nx;[:;(<i>^(e))x n^;S(-A'°$A^(e)) 



e£Ei 



e£E2 



eeEi 



n ^5:!(<i>^(e)) xE Yl Kie^i^^i')) 



eeE2 



Again, by the second item of Lemma [12. 2 1 one has 



E 



eeEi 



X E 



(N - \Vi\)\{N - \V2\y. 



■eE2 

E[r°[ri(xW)]]E[r^[T2(xf))] 



Hence, we get 



E 



r°[r(xr\xr^)] 



{N - \Vi\y.{N - \V,\)l 

(N^lvmN-iy. 



E 



r°[ri(xW)] Er^[r2(x^- 



□ 



In the sequel of this proof, we use the notation of Proposition |12.3[ 
Step 2: Analysis of the terms due to the random matrices 

Fix i in {1, 2} until the end of this step. By Lemma 3.2 relating the injective and the non injective 

traces, 

T°[T,(xf))]= Yl A^y.Wr^[^m)(xf^)]- (12.5) 

TTev(Vi) 

Let Ti^k = {Vi^k, Ei^k,li,k,£i.k)ik = l,...,Ki, be the connected components of T^. If tt is a 
partition as in the sum in (12.51 that mer ges at least two connected components of Ti, we get by 
the convergence in distribution of traffics (12.21 of X^^-* 

1 



-E 



Hence, using again Lemma |3.2| we obtain 

r K 



1 



E 



= E 



k=iTTev{Vi_k) 
= E[r°[r,i(xW)]...r°[T.;,.(xW)]; 
= rO[T,,i(x,)] ...TO[r,,K,(x,)] +0(1) 



O 
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Step 3: Contribution due to the shape of T 
We have proved that 



E 



r°[r(xW,xW)] 

{N~\VmN-\V2\)\ 



N 



2 Ki 



j=l k=l 



{N-\V\y.{N- 1)1 
Write an equivalent for the norniahzing term in that expression. 



{N - \Vi\)l{N ~ \V2\)l 



{N-\V\y.iN-l)\ 

Let V be the set of vertices of T that belong to simultaneously to Ti and T2 , so that | | — | Vi | — | V2 1 = 
— |V|. Let T — {V, E) be the undirected graph defined by 

• is the disjoint union of V and of the T^^fe, i — 1,2 and k = 1, . . . , Ki (recall that the later 



are the components of T with labels corresponding to a same family X 



(N) 



1,2). 



• i? is the set of ensembles {u, C} where v is in V and C is a component of T such that w is a 
vertex of C. 

It is clear that T is a tree if and only if T is a free products of *-test graphs in the labels corre- 
sponding to x[^'' and of *-test graphs in the labels corresponding to X2^'' . Assume now that T 
is connected. By the relat ion between the number of vertices and the number of edges in a graph 
applied to T (Lemma 4.3 1, we get 

Ki + K2 + \V\ ^ 2\V\ + 1, (12.6) 

with equality if and only if T is a tree. Hence, we get the expected result: for any *-test graph T, 



E 



r^[T(Xr,Xr))] 



2 Ki 



0[r(xi,X2)] +0(1) 



i=l fe=l 



step 4: Proof of (12.3) 



Lemma 12.4. Let Apf be a family of matrices and Ti, ... ,T„ be * -test graphs. Let S be the * -graph 
obtained as the disjoint union of Ti, . . . ,Tn. Then, 

r°[ri(AA.)]...r°[T„(A^)] ^ ^ [7^(5)(A^,)] , 

where the sum is over all partitions -k onV that contain at most one vertex of each Tk, k — 1, . . . ,n. 

Proof of Lemma \l2.4\ We write 5* = {V,E,j,e) and denote by Vk the set of vertices of Tfc, k = 
1, . . . , n. Then, 

[T, (A^)] . . . r]^ [T„(A^)] = ^ E 11 <\% ' 



eeE 



where the sum is over all maps (p : V {1, . . . , iV} such that , ■ • ■ , 4'\Vn ^'"^ injective. The 
sum over tt in the Lemma represents all the possible situations of overlapping of the images of 
<^|Vi, • ■ • ,0|y„- □ 

Let Ti, . . . , T„, S" be as in the Lemma: 



E 



r^[Ti(Xr\xf ))] ...<[T„(XW,XW)]] =E^r^[-(^)(Xr,xW)]. (12.7) 
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Let TT be a partition as in the sum. Denote by the number of components of vr(S'). If we write 
T — 7r(5) and use the notation of the previous steps, we have to modify (12.61 into 



K,+K-2 + \V\^2\V\+n^, 



(12.8) 



and obtain 



E 



r]i[T(xW,xW) 



the components of T are free products 



2 Ki 



)+o(l)j X iY[Y[r'[T.A^.)]+oil) 



i=l k=l 



Hence, the only partition tt which contributes in (12.7| is the trivial partition and we get 
k[T,(Xr),Xr))]...rj^[T„(xW,xW)]- 



E 



N- 



T0[ri(xi,X2)] X ••• X rO[r„(xi,X2) 



□ 



12.2 Applications 

12.2.1 Deterministic matrices 



The following corollary is a direct consequence of Theorem 12.1 



Corollary 12.5. Let Y^^\ . . . , Yp^'' be p families of deterministic complex matrices, and 
U[^\ . . . , Up^^ be independent uniform permutation matrices. Let yi, . . . ,yp be free families of 
traffics in a space of traffics on Q{x,x*). Assume that for any j — 1, . . . ,p, Y'-''^^ converges to y^ 



in distribution of traffics 07iCJ(x,x*). Then, in expectation {u[^^'Y[^'^u[^'^* , 
converges in distribution of traffics to (yi, . . . ,yp). 



Answer to Question [l] In particular, by Proposition |2.1[ if An and Bn are two deterministic 
matrices having a limiting distribution of traffics on tj(x, x*). Theorem 12.1 gives us a characteri- 
zation of the limiting empirical spectral distribution of 

Hn = An + UnBnUn- 



12.2.2 A family of operations on measures 

Let Un be an arbitrary unitary random matrix. Assume that in expectation, Un converges to a 
traffic u in distribution on t/(x, x*). Let /i, v be two probability measures with compact support. 
Let An, Bn be two permutation invariant diagonal matrices such that the mean empirical eigen- 
values distribution of An (respectively Bn) converges to fi (respectively v). For instance, one can 
talce for An & realization of the diagonal random matrix whose entries are independent, identically 
distributed according to /j,. We deduce form Corollary 1 1 2 . 5| that in expectation the random matrix 

Hn ~ An + UnBnUn 

has a limiting distribution of traffics h = a + uhu* . In particular, the empirical eigenvalues distri- 
bution Curf of Hn converges in moments. Since /i and v are compactly supported, the limiting 
moments characterizes of h are those of a unique probability measure. Chm converges to a measure 
that could denoted 

Benaych-Georges and Levy' notion of t-freeness [5 is likely a particular case of this construction. 
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12.2.3 Eigenvectors of random matrices 

Proposition 12.6 (A bivariate processes from the eigenvectors). 
Let Hn be a Hermitian random matrix. Assume that 

• Hi^ is invariant in law by permutation, 

• in expectation, Hn has a limiting distribution of trajfics and Hn satisfies Assumption 4) of 
Theorem\12.1\ 



• the limiting mean empirical eigenvalues distribution of has no mass, 

• the operator norm of Hjq is uniformly bounded. 

Denote by (u{i,j)^^ ^ a matrix of eigenvectors of H]\[ . Then, for any r, s in ]Q,1[, the quantity 

lrN\ lsN\ 

N 

i=i j=i 

converges in expectation as N goes to infinity. 
Proof. Consider the diagonal matrix 

J, -diag (1^_^,0,...,0). 

lrN\ 



[riVJ [sJVJ 



(12.9) 



By Theorem 12.1 in expectation {Hn, Jr) has a hmiting distribution of traffics. In particular, for 

1 



any polynomial P, the quantity 



N 



Ti[P{HN)oJr] 



converges in expectation as N goes to infinity. Let qr be the quantile of order r of the limiting 
eigenvalues distribution of H^'- 



qr = inf |t e M - oo,r]) ^ xj. 



Denote by / the indicator function of the interval ] — 00,(7^]- Let e > and P be a polynomial 
£-closed to / in uniform norm to / on [—B,B], where ||-ffjv|| ^ B. Then, 



E 



\rN\ [_sN\ 



EK^'j')l'-i^Tr[P(iJ^.)oJ.] 



[_sN\ 



+ 

On the one hand, one has 
E 



=1 i=i 
i ^ 

E — "V /(A,;) > \U[l,J 

[_rN\ [_sN\ 

e' 



^ E /(^^) E - ^Tr[P(iJ^) o J,] 



lrN\ lsN\ N lsN\ 

^E E w*'J')|'"]v5I^(^^)Ek*' 



j=i 



^ E /(^^) E - ^Tr[P(i/^.) o J,] 

i=i j=i 

N lsN\ 

^ i^EN/(^»)-^(^o]| E K^-j)i'<£- 



Moreover, by |19[ Lemma 9.1], there exists 77 arbitrary small such that 



E[Ai+L(r+77)JVj] Qr+rj- 



12 AN ASYMPTOTIC FREENESS THEOREM FOR RANDOM MATRICES 



39 



Since the mean limiting eigenvalues distribution of has no mass, one has Qr-n < 9r < Qr+ri- 
Hence, for N large enough, we get 



E 



lrN\ lsN\ 



i=i i=l J=l 

[rN] [sN] l{r+v)N, 

^ E Ekm-)P-^ E /(a.)Ek 



[sN] 



j=L(r-)))AfJ J = l i=L(r-r,)JVJ 
^ 477. 

As 77 and e go to zero, we obtain the expected result. 



□ 



12.2.4 Wigner matrices 

Corollary 12.7. Lef Xjv = &e a family of independent real or complex Wigner 

matrices. Let be a family of complex deterministic matrices having a limiting distribution of 
traffics on CJ(x,x*). Then, in expectation (X^ViYtv) converge on CJ(x,x*) to a family of traffics 
(xi, . . . , Xp, y) such that xi, . . . , Xp, y are free. 



Let Xn be a real or complex Wigner matrix as in Proposition 4.2 Then, satisfies the as 



sumption 2) of Theorem 12.1 the independence by permutation, since its diagonal entries and its 
sub-diagonal entries respectively are independent and identically distributed. The assumption 4), 
is a slight generalization of Proposition |4.2[ 



Lemma 12.8. The matrix X^ satisfies {12.2) 



Proof. Let Ti, . . . ,T„ be test graphs in one variable, and denote by T the graph obtained as the 
disjoint union of Ti, . . . , T„. By Lemma |12.4[ 

1 



E 



rO[ri(X^)] ...4[T„(X^)] 



E 



r'^[n{T){X^)] 



where the sum is as in the Lemma. For any such a partition tt, denote by Ti , . . . , T^ the connected 
components of 7r(T). By the independence of the entries of Xjy, 



E 



r^^[T,{XM)]...A[TniXN)] 



-E 



Each expectation converges as N goes to infinity. We always has ?7^^ ^ n, expect for the trivial 
partition. Hence, we get 



E 



Tl{T^{Xn)\...Tl{T^{X^)\ 



N- 



r°[ri]...r°[T„], 



where is the mean limiting distribution of traffics of X 



□ 



Proof of Corollary \1 2. 7| Let Un be a uniform permutation matrix, independent of X^r. By the 
invariance by permutation of a Wigner matrix, the families (Xjv, Yjv) and (X^r, nU'^) have 
the same mean distribution of traffics. Hence, Theorem |12.1| can be applied to the families 
(Xi),...,(Xp),Yjv. □ 

12.2.5 Permutation Matrices 

Corollary 12.9. Let \Jn — (Ui, . . . , Up) be a family of independent permutation matrices. LefYj^ 
be a family of complex deterministic matrices having a limiting distribution of traffics on CJ(x,x*). 
Then, in expectation (UaTjYat) converge on CJ(x,x*) to a family of traffics (ui, . . . , Wp, y) such 
that Ml, ... , Up, y are free. 
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In particular, a couple of independent permutation matrices has in expectation a limiting distri- 
bution of traffics r, such that t'^ is the indicator function of free products of directed lines, as in 
Figure [15] 

Let Un be a real or complex uniform permutation matrix. Then, Un satisfies the assumption 
2) of Theorem 12.1 the independence by permutation. It remains to prove assumption 4-)i which 
is a slight generalization of Proposition |4.5[ 



Lemma 12.10. The matrix Uj\j satisfies (12.2). 

Proof. Real case: Let T — {V, E) be test graphs in one variable whose directed edges are of 
multiplicity one. We have seen in the proof of Proposition |4.5| that it is sufficient to consider such 
test graphs. We have shown that T^[r([/jv)] is possibly nonzero only if T is a test graph 
(closed path) or (open path) for a certain positive integer K. Let be the permutation of 
{1, . . . , N} associated to Um- Then, for any Ki, . . . , Km Li, . 



, Ljn , the number 



E 



, i„, ji, . . . ,jrn uniformly and independently on {1, . . . , N} 



is the probability that, choosing ii, 
one has 

• ik belongs to a cycle of length Kk of aN for any k — 1, . . . ,n, 

• jk belongs to a cycle of length bigger than Lk of crjv for any fc = 1, . . . , m. 

This probability tends to zero or one, depending if n is positive or not, which correspond to the 
limit of 



E 



frpO 



N) 



.E 



Complex case: The proof is still based on the Hadamard structure of a complex permutation 
matrix. Let Ti, . . . ,T„ be *-test graphs in one variable. Let T = {V,E,e) be the *-graph in one 
variable obtained as the disjoint union of Ti, . . . , r„. By Lemma |l2.4[ 



E 



'r°N[T,iUM)]...A[T^iUM)]]=Y. 



-E 



r°[^(T)(C/^)] 



where the sum is over all partition ir onV that contains at most one element of each Vk, k = 1, . . . ,n. 
For any such a partition tt, denote by T^ , . . . , T^ the connected components of 7r(T). We write, 
as in the proof of Proposition |4.5| Un = Vn o Mn- Then, we get 



E 



r]^[ri(c/Ar)]...<[r„([/^)] 



53 ]\fn X/ 



E 



■■.-!t{V)^{1,...,N} 
injcctivc 

1 



n 

eeTT{E) 



(He)) 



E 



n 

eeTr(£;) 



^ ^ ^7r{T) is Hcrmitian ^ ^ 

n 4>:7r{V)^{l,...,N} 

injective 



E 



n 



N 

) 

-(^)('^)(0(e)) 



(He)) 



For any partition tt as in the sum, denote by Ti , . . . ,T^ the connected components of 7r(T). 
Then, 



E 



■%[T,{Un)\...t%[T,,{Un)\ 
TV™' 



(T) is Hcrmitian 



-E 



■%[T^{Vn)]...t%[t:^^{Vn)] 



By the real case, for any tt. 



E 



r%[T^{VM)\...T%[T:^^{VN)\ T°[Tn...r°[T^J+o(l), 
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where r„ is the mean hmiting distribution of traffics of V^. Hence, the only terms that contributes 
is when tt is the trivial partition. In that case, 7r(T) Hermitian means that each Tk is Hermitian, 
fc = 1, . . . , n, so 



E 



T%[T,iUN)]...A[TniUM)] 

J-Ti is Hermitian is Hermitian 



= T°[Tn...r„"[T,;j+o(l). 
where t„ is the mean limiting distribution of traffics of Un- 



□ 



13 A central limit theorem for the sum of free traffics 

Let X = {xn)n^i be a sequence of identically distributed self-adjoint free traffics in a space of 
traffics {A, .*, t). We are interested in the limiting behavior of 



xi + ■ ■ ■ + X. 



— , as n goes to infinity. 



If a;i, . . . , x„ were independent, centered, real random variables with finite variance, Laplace's cen- 
tral limit theorem states that to„ converges in law to a Gaussian random variable. If xi, . . . , a;„ 
were free, centered, self-adjoint non commutative random variables, Voiculescu's central limit the- 
orem [23] states that m„ converges in * -distribution to a semicircular non commutative random 
variable. The case of free traffics turns out to be an interpolation of these two situations. 

Assume that the traffics centered, i.e. $('^^(a;i) = 1, and of variance one, i.e. 

^^'^\xx*) — <f>'^'^' (x^) = 1. By fixing these parameters, the limit in law or in * -distribution of m„ is 
completely determined in the classical and the free context. This is not the case for traffics, where 
we can read in the common distribution of xi, . . . ,Xn a parameter that heuristically measure how 
the traffics are closed to the classical or the free cases. 

We split the variance of xi into two parts 

rO[Ti(xi)] =p, t"[T2{x,)]^{1~p), 

where 

• Ti is the test graph with one vertex and two edges labelled x, 

• T2 is the test graph with two vertices i and j and two edges labelled x, one from i to j and 
the other one from j to i. 

(We have rightly ^^(x^) = t[T2(xi)] = t"[Ti{xi)] + t°[T2{xi)]). 
Equivalently, 

(we have rightly $(^)(a;A^) = $(^)(A^x) = $(^)(A?))- 
Theorem 13.1 (Central limit theorem). 

With the notations above, the sequence of trajfics (7T!,„)„^i converges in distribution on Qcyc{^,^*) 
to the traffic 

m — ^/p d + a/1 — p s, 

where 



L the law of d is the diagonal distribution associated to the standard Gaussian measure jj, on 
(Definition 4-6): 

dn(x) — , exp ( ^ dx, 

^/2^ V 2 / 
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2. the law of s is the limiting distribution of traffics of a real or complex Wigner matrix as in 
Proposition \4-S\ 

3. the traffics d and s are free. 

From Theorem 1 1 3. 1[ one can recover the classical Lagrange's central limit theorem for random vari- 
able having all their moments. This fact is straightforward since we can lift commutative random 
variables into diagonal traffics, and then reformulate the classical central limit theorem in terms 
of these traffics. 



From Theorem 13.1 we can also recover Voiculescu's central limit theorem. Indeed, by |24l The- 
orem 6.1] and minor modification of Proposition 4.2 a random unitary matrix Un distributed 
according to the Haar measure on the unitary group has a limit u in mean distribution of traffics. 
Let a; be a self adjoint non commutative random variable in a *-probability space (A, .*,$). We can 
lift X into a traffic tx by considering a diagonal traffic dx whose spectrum is the one of x, free from 
u, and setting tx = ud^u* . The non commutative random variable induced by tx is well x, and 
a free family of traffics ii, . . . , i„ distributed as tx induces a *-free family of variables xi, . . . , x„, 
distributed as x (by Voiculescu's asymptotic freeness theorem in [2J). We do not known how to lift 
an arbitrary family of non commutative random variables. 



Remarks: 



The support of the injective version of the distribution of ^/p d+ ^1 — p s consists of flowery 
double trees, as in Figure [Ts] but in only one color. 

A matrix model for the traffic m — ^/p d + yj\ — p s is the sum AI^ — -^/p Dn + \/l — p Sn, 
where Sn is a standard Wigner matrix, independent of diagonal matrix Dn whose entries are 
independent standard Gaussian variables. It is known by Voiculescu's asymptotic freeness 
theorem [2_, that the limiting spectral distribution of AIn is the free convolution of the 
centered Gaussian and the semicircular distribution, weights ^/p and ^/l — p determining the 
variance. In that case, the *-non commutative random variable induced by d and s are *-free 
(recall that in general, the trafhc-freeness of the limiting * -distribution of matrices does not 
imply their * -freeness). 

From the author's knowledge, the only appearances of free convolution (in the sense of 
Voiculescu) of gaussian and semicircular variables in the literature concern the limiting eigen- 
values distribution of Laplacian matrices of random graphs [9l[T2]. See also f7, 13, for related 
questions. 

The convergence of to„ actually holds on Q{x,x.*) (see the proof), but we do not know how 
to characterize its limiting distribution in elegant terms. 



Proof. Since the traffics are self-adjoint, it is sufficient to consider test graph (and not *-test 
graphs). Let T — (V, E) be a cyclic test graph in one variable. By the rule of multi- linearity for r. 



Formulae (7.5) and (7.6) 



^ T={V,E,j) 



where the sum is over all maps 7 : i?— > {l,...,n}. Let tt be a partition of E. We denote by rt"-* 
the set of maps 7 : E ^ {1,. . . ,n} such that 7(e) = 7(e') if and only if e and e' belong to the 
same block of n. Since the traffics identically distributed, for any T — {V,E,'f) as 

in the sum, the number [T'(x)] depends only on the partition vr such that 7 G fI"'. We denote 
this number by a-^. Hence, we get 



rO[r(m„)] = ^ a, X Card (r(.'^ 



^ tt£V{E) 
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For any tt in V{E), denote by |7r| its number of blocks. Then, Card (ri"^) = 71 x (rt — 1) x • • • x 
(n- |7r| + 1) - nl'^l. 

If TT possesses a block of cardinal one, we claim that a^r = 0. Indeed, let 7 € rt"'' and denote 
T = (y, i?,7,e). Let no in appearing once as a label of T. By the freeness of the 

traffics xi, . . . ,Xn, one has T°[r(x)] if this edge is not a loop (otherwise, since T is cyclic, it is 
never a free product of test graphs). Nevertheless, if this edge is a loop, then we can factorizes 
T°[Xno] computation of r'^[T(x)], which is zero. This proves the claim. We then get that 

if |7r| > l|ior|7r| = and TT is not a pair partition (each block of tt is of cardinal two) , then = 0. 

Hence, if we denote by V2{E) the set of pair partitions of E, we get 

T°[r(m„)] = + 

Let TT be in p2{E) and assume a^r ^ 0. Let e be an edge of T. By the same reasoning as above, 
the other edge e' with the same label must share the same vertices as e, and if e is not a loop, the 
cyclic nature of T forces e and e' to have the opposite directios. 

Hence T is a free product of cyclic test graphs that are either double loops (one vertex and two 
edges) or double arrows (two vertices and two edges joining this vertices in opposite directions). 
All these elementary test graphs are labelled by different labels. To sum up, the graph of T consists 
in a double tree Tq with flowers Fi, . . . , Fk attached at its vertices. Each flower must have an even 
number of petals, and the partition tt must gather twin edges of Tq and pair of petals attached 
at a same flower. Denote by 2mk the number of petals of Fk, k — 1, . . . ,K. By Lemma [4. 3| that 
gives the relation between the number of vertices and edges in a tree, the number of edges of To is 
2{K^1). We get 

K 

r°[T(m„)] = (l-p)^-i[]p'"'=Cardp2(2mfe), 

where 7^2 (2m) denotes the set of pair partitions of 2m elements. But 

Card V2{2m) = (2m - 1) x (2m - 3) . . . 5 x 3 x 1 = ElX^""] 

where X is a random variable distributed according to the standard gaussian measure (by a basic 
enumeration and by integration by part respectively). 

Now, let d and s be as in the Theorem. For any cyclic test graph T ~ (V, E) in one variable. 



by the rule of the sum for r. Formula (7.6 1 



T'[Ti^pd+^r~ps)] = r"[f{y^d,^T^s)], 

f =(y,E,7) 

where the sum is over all maps 7 : E ^ {I7 2}. By the definition of freeness of traffics, the support 
of the injective version of the distribution of {d, s) consists of free products of double trees and 
flowers. If T is such a test graph and is as above with the notations To, Fi, . . . , Fk, the only map 7 
which makes r° [T{y/pd, y/1 — ps)] possibly non zero consists of labeling the edge of Tq with labels 
corresponding to s and the edges of the flowers by the one corresponding to d. By the rule for the 



homogeneity for r. Formula (7.51, we get 

K 

T"[T{^d+^l^s)] = {l-p)^-^Y[p"^''E[X^"^''] 

k=l 

as expected. □ 
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Part V 

The distribution of traffics of graphs with 
uniformly bounded degree 

Let Gjv = (G^^'' , . . . , Gp^' ) be a family of directed graphs with no multiple edges nor loops, sharing 
the same N vertices vi, . . . ,vn- We arbitrary label these vertices by the integers {1, . . . , N}. The 
following family of matrices Ajv — {A[^\ . . . , Ap^''), defined up to this labeling, is called an 
adjacency family of matrices of Gat. For any j ~ 1,. . . ,p, A^^^^ — (^^^''(m, n))^ is the 

N by N (0,l)-matrix given by: for any m, n = 1, . . . , TV, 

^(AT) , , _ f 1 if {m,n) is an edge of G^r, 
' 1^ otherwise. 

The distribution of traffics tq^^ of G^v is defined as the distribution of Ajv and does not depend on 
the labeling of vertices of Gjv- Remark that G^r can be seen as a colored graph, or equivalently as 
a graph whose edges are labeled by indeterminates Xi, . . . ^ Xp. In other words, Gjv is a test graph 
in p variables x. It should be denoted that since An is a (0,l)-matrix, we know tgjv on Q{x.,x*) 
as soon as we know it on Gcj,c(x)- 

Infinite rooted random graphs with uniformly bounded degree constitute a model for the limit 
of large graphs for the weak local convergence |5J [T] . We define the formal distribution of traffics 
of such infinite graphs (we say simply distribution of traffics, even if we have not verified that such 
distributions are positive). We show that the distribution of traffics of such graphs characterizes 
the law of the graph. We prove that the convergence in distribution of traffics of Gjv is equivalent 
to its weak local convergence. We interpret the free product in that context. 



Preliminary definitions: random rooted graphs 
Locally finite, colored, rooted graphs 

Denote by Q°°{x) the set, up to isomorphism, of all directed graphs, without multiple edges nor 
loops, whose degree of each vertex is finite and whose edges are labelled by an element of the 
family of labels (or colors) x. We denote by (x) the set, up to isomorphism, of rooted elements 
of Q°°{x.), i.e. couples {G,v) where G is in tj°°(x) and u is a vertex of G, called its root. 

When we say up to isomorphism, we mean the following. Let gi = [Gi,vi) and g2 — (G2,W2) 
be such rooted graphs. Then, (the isomorphism class of) gi and g2 are equal (respectively 
91 ^ 32) whenever there exists an isomorphism (respectively an injection) of oriented colored 
graphs (/) : Gi — )■ G2 such that 4>{vi) = 4'{v2)- 



A topology on (x) 

For any integer p ^ 0, define tj* (x) as the set of all graphs in t/^(x) whose vertices are at distance 
at most p of the root. For any integer p ^ and any {G,v) in t/J°(x), we denote by {G,v)\p in 
G*{^) the truncation of (G, w) of depth p, i.e. the connected sub-graph of G, rooted at v, consti- 
tuted by the vertices of G that are at distance at most p of u and by the edges linking these vertices. 



For any integer p ^ 1 and any rooted graph (H, w) in tj^(x), we set 

Op,iH,n.) = { iG,v) e gr(x) I (G,«)|p = iH,w) y 

The set ^^(x) is equipped with the topology generated by the collections of all Op.(H.w)j ^ and 
{H,w) in G*{^) (this topology is actually metrizable by an ultrametric distance [Ij). In particular, 
t/J°(x) is the closure of the union of the t/?(x), p^ I. 
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Random graphs 

A random element of Q^{x) is map — >■ where is a probabihty space, measurable for the 
Borel algebra on CJJ°(x). We often simply say that {G,v) in G^{y^) is a random graph, instead of 
saying that cj i-t- (G{uj),v{uj)) is a measurable map fl — )• Q^,. Such a random graph is referred as a 

locally finite, rooted, random graph. 

Definition 13.2 (Law of random graphs). 

The law of {G,v) in G^{x.) is the knowledge o/P((G,w)p — {H,w)) for any integer p ^ and any 
graph {H,w) in QS{x). 



14 Distribution of traffics of locally finite, rooted, random 
graphs 

Definition 14.1 (Rooted trace of test graphs). 

Let {G,v) in Q^{x) be a random graph. Let [T.r) he a test graph in G{x) with a distinguished 
vertex r, called its root. We denote by r [(T, r)(G, z;)] the number of homomorphisms of T into G 
which send r on v (we take into account the directions and the colors of the edges ofT). 

Definition 14.2 (Integrability of random graphs). 

A random graph {G,v) in Q^{x) is said to be integrable whenever, for any test graph T in ^(x) 

and any vertex r ofT, the expectation of T[^(T,r){G,v)^ is finite. 

These numbers can be infinite since we can find (T, r) such that r[{T,r){G,v)] is the expected 
degree of the root. 

Definition 14.3 (Traffic-stationary random graphs). 

Let (G, v) in (x) be an integrable random graph. It is said to be traffic-stationary whenever for 

any {T,r), the expectation of r[{T,r){G,v)^ does not depend on r. 

Definition 14.4 (Distribution of traffics of random rooted graphs). 

Let g = (G, u) in ^/^(x) be an integrable, traffic-stationary, random graph. The mean distribution 
of traffic of g is the map 

Tg-. a(x) ^ C 

T ^ Tg[T]:=E[T[T{g)] 
where T[T{g)^ is the common value of T[{T,r){G,v)] for any choice of vertex r ofT. 

The injective version Tg of the distribution of traffics Tg of g is given by the expectation of the 
common value of T^[{T,r){G,v)'^ for any choice of vertex r of T, where t" [(T, r)(G, ii)] is the 
number of injective maps form the set of vertices of T to the set of vertices of Gjv, sending r to v, 
that axe homomorphisms of colored graphs. 

Proposition 14.5 (Consistency of definitions). 

Let Gn in tj°°(x) be a finite random graph with N vertices. Conditionally on Gn, let Vn be a 
vertex of Gn chosen uniformly. Then, {Gn,vn) is integrable and traffic-stationary. Moreover, 
the distribution of traffic of an adjacency matrix ofG^ is the distribution of traffic of {Gn,vn) in 



15 Random graph with uniformly bounded degree. 

Let (G, v) in (x) be a random graph. It is said to be uniformly bounded whenever there exists 

K ^ 1 such that almost surely the degrees of the vertices of G are less than K. We denote by 
C/J"''(x) the set of random graphs in tj^(x), integrable, traffic-stationary and uniformly bounded. 

A sequence of random graph in Q^' {x.) is said to be uniformly bounded whenever all the graphs 
are uniformly bounded with the same constant K. 
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15.1 Characterization of the law 

Proposition 15.1 (The distribution of traffics characterizes the law of the graph). 

Two random graphs in tj^"''(x) have the same distribution of traffics if and only if they have the 
same law of random graphs. 

Proof. Let g = (G, v) in ^^"'^(x). Its distribution of traffic Tg is defined by its law (we do not need 
boundedness, see (15.1) below) and to show the reciprocal, it is sufficient to show that we can 
compute P((G, w)p = {T,r)^ in terms of Tg, for any integer and any graph {T,r) in C/*(x). 
This is done by an exclusion-inclusion principle. 

For any (T, r) in tj^(x), and any integer p ^ 1, one has 



E 



rO[(T,r)(G,^;)] 



J2 r'[iT,r){H,w)] x F{iG,v)p ^ {H,w)) . 



(15.1) 



The symbol {H, w) ^ (T, r) means that T is a subgraph of H up to an isomorphism of colored, 
oriented, rooted graph. But the set Q*{'x) equipped with the order relation > is a finite partially 
ordered set (in short, a poset). Hence, we get 



P((G,«)p = (T,r)) 
1 



(15.2) 



'[iT,r){T, 



E[T°[(iJ,u>)(G,«)]j x^p((//,i«),(T,r)), 



(ff,™)eenx> 

(H,w)^(T,r) 



where /Xp is the Mobius map of the poset C/r(x) (see [55]). 



□ 



15.2 Weak local convergence 

Definition 15.2 (The weak local convergence of finite graphs OH]). 

Let {[Gmt^n)) j^^^ be a sequence of random graphs in 5J°(x) and (G,w) in Q!^ {x) random. We 
say that {Gn,vn) converges weakly locally to (G, u) whenever for any integer p ^ 1 and any {H,w) 
in Q^l'x), one has 



\{Gn.vm)p^{H,w)) 



N- 



'{{G,v)p^{H,w)). 



(15.3) 



If Gm is a sequence of finite graphs, we say that it convergences weakly locally to {G,v) whenever 
{Gn,vn) converges weakly locally to (G, u), where vj^ is chosen uniformly on the vertices ofGpf. 

Theorem 15.3 (Weak local convergence and convergence in distribution of traffics). 

Let {Gn)n^i be a uniformly bounded sequence of random graphs. Then, in expectation Gjv has 
a limiting distribution of traffics r if and only if it weakly locally converges to a random graph 
g = {G,v) in In this case, g is integrable and traffic-stationary, and t is the distribution 

of traffics of g. 

Proof. Let Gat be a finite graph in Q and vjq be a rand om vertex of Gjv chosen uniformly. Then 
{Gn,vn) is in t/^'"'(x). In particular. Formulae (15.1 1 and ( 15.2 1 hold. Hence, if Gat converges 
weakly locally to g, then g is also in tjj"'^(x). We get by (15.1 1 that for any test graph T in one 
variable and any vertex r of T, one has 



'[n?)] :=liniE 



'[{T,r)iGN,VN)] 



exists, 



and does not depend on r. Since E t° [(T, r)(Gjv, vn)] 
in distribution of traffics of Gn- 



= E 



T*' [T(GAr)] , we get the convergence 
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Assume now that, reciprocally, Gn has a limiting distribution of traffics r. For any p ^ I and any 

(T, r) in G*{x), we set 



{H,w)^{T,r) 
(H,m)^(T,r) 

where r" is the injective version of r. By ( |15.2 1, Pp(T, r) is the limit of Pp_7v(T, It belongs to 
[0, 1] and we have 

^ Pp(r,r) = l. 
(T,r)ee.,p 

Hence, the collection of numbers Pp(T, r) well defines a random rooted graph g which is necessarily 
stationary. The graph g is the weak local limit of Gjq- 

□ 



16 Traffic freeness for random rooted graphs 



Let gi — (Gi,wi) and g2 = {G2,V2) be two random graphs in G'^{x.). By Proposition 15.1 we can 
consider 171 and 172 as traffics in a space of traffics (A, ■*,t) on CJ(x,x*). Assume that gi and 32 
are free. We consider the traffic g — gi + g2- We prove that g has the distribution of traffics of a 
random graph in Q'^{x), constructed inductively as below. 

16.1 A free product for random rooted graphs 

Let gi = (Gi, vi) and 32 — {G2, V2) be random graphs in Q^{x). In the following, all the sampling 
of random graphs are independent. 

1. Start by sampling to rooted graphs 51.0,. 92,0 from gi and (72 respectively, and identify their 
roots. 

2. For any vertex vi of gi Q which is not its root, sample g2,0vi from g2 and identify the root 
of 52,0t)i with vi. For any vertex V2 of 32,0 which is not its root, sample gifiv2 from gi and 
identify the root of 17101,2 with V2- 

3. For any vertex V2 of 172,0 which is not its root and any vertex wi of gifiv2 which is not its 
root, sample g2fiv2Wi from 92 and identify the root of g2,av2Wi with wi. And so on. 

The resulting random rooted graph is called the free product of gi and g2, denoted by 

5i*52Ger(x>. (16.1) 

When the graphs are deterministic, this construction is also known as the free product of gi and 
g2. Remark that gi * g2 is uniformly bounded as soon as 171 and 52 are uniformly bounded. 

16.2 Traffic freeness and random graphs 

Proposition 16.1 (The free convolution of two random graphs). Let gi and g2 in G"!^ (x) be two 
integrahle, traffic- stationary random graphs in one variable. Consider them in a space of traffics 
{A^ ■*,t), being free. Then, the distribution of g = gi + g2 is the distribution of gi * g2. 
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Proof. Let g in G^{x,y) be a random graph obtained as the free product of gi in G^{x) and g2 
ill G^{y)- Denote its root by p. Consider a test graph T — {V, E) in one variable, and chose r in 
V . Then, by tracking the color induced on the edges of T when injected in gi * 32, we obtain 

r°[r(5i*ff2)] = E 

f =(V,_E,7) 
7:B^{1,2} 

= E Card {injection(T', r) {g,p) respecting the colors.} 

f=(V,E,j) 
7:E-J-{1,2} 

Let T be as in the sum. Then, by the tree like structure of g, two different connected components of 
T relatively to its coloration (i.e. the partition n — {{!}, {2}}) are always injected in independent 
copies of gi or 172. Hence, the graph g being traffic-stationary, one has 

r°[r(5i*52)] = E n r'[Tcigi,g2)]. 



f={V.E.j) T,eC^{T) 



By the definition of freeiiess, we get 



T={V,E,j) 
7:£;-i-{l,2} 



Hence, by formula (7.6 1, we get as desired t° [T{gi * 32)] = t'^ [T{gi + .92)] • CH 



16.3 Examples 

Free product of a "Bernoulli" graph with itself: This example is interesting since it provides 
a rich random structure from simple objects. Let g be the random graph that is Z with probability 
p and the graph with a single vertex and no edges with probability 1 — p. Make the free product 
g * g with itself. In Figures |4] and [18] are plotted realizations of such random graphs. 
Free groups and uniform permutation matrices: A particular example of graphs are Cayley 
graphs of groups. Let F be a group. We endowed F with the structure of algebra of traffics {A, ■* ,t) 
in the following way. The *-algebra {A, .*) is the *-algebra CF, that is the vector space of finite 
linear combinations 

7er 

with product 

E 077 X E = E 071^727172, 
7er 7er 7i,72er 

and anti-linear involution 7* = 7^^. Let 7 = (71, . . . ,7p) be a family of elements in F. We consider 
the Cayley graph F-^: 

• the set of vertices of is the subgroup (7) of F spanned by 7, 

• for any 7 in (7) and any j = 1, . . . ,p, vertices 7 and 77^ are linked by a directed edge with 
label Xj. 

Rooted in the unit, F-^ is a graph in tj^(x). We set the distribution of traffics of F-^. It is clear 
from Figure 15 that in expectation a family {Ui^\ . . . , uj,^'') of independent uniform permutation 



matrices converges in distribution of traffics to (71, . . . , 7p), where 71, . . . , 7p are the generators of 
the free group Fp = (71 , . . . , 7^). 



Percolation clusters of free products of graphs: A percolation cluster of parameter p g [0, 1] 
of a graph 3 S t/* is a connected component of the subgraph of g obtained by removing each edge 
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Figure 18: A realization of the free product with itself of the random graph which is Z with 
probability 0.6, and the graph with one vertex and no edge with probability 0.4 (truncated at 
distance 10 of the root). 



independently with probability p. We denote by €p{g) the cluster corresponding to the connected 
component of the root of g. This defines a random graph in C/^(x), which is in t/^"''(x) as soon 
as g is in ^^"'^(x). 

Let gi and 52 be two deterministic graphs in Q^{x). Then, for any p G [0, 1], one has 

* ^p{92) = ^p{gi * 52). (16.2) 
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